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Problem 1

Problem Statement

For an under-damped SDOF system (m, k, c), use the Laplace transform
method to derive solution to

(a). Initial conditions (u0, v0)

(b). Step input (P0, zero initial conditions)

(c). Sine input (Ps sinΩ t, zero initial conditions)

(d). Cosine input (Pc cosΩ t, zero initial conditions)

Express your solution in terms of the given inputs and the usual system
parameters (ωn, ζ, ωd, etc.).

Solution

Part A

For the given system, the EOM is

mü+ cu̇+ ku = 0 (1)

Now, taking the Laplace transform of (1),

L[mü] = m
(

s2U(s)− su(0)− u̇(0)
)

L[cu̇] = c (sU(s)− u(0))

L[ku] = kU(s)

(2)

Inserting (2) into (1) and noting that u(0) = u0 and u̇(0) = v0,

ms2U(s)−msu0 −mv0 + csU(s)− cu0 + kU(s) = 0



Rearranging,

(

ms2 + cs+ k
)

U(s) = msu0 +mv0 + cu0

Dividing by both sides by m,

(

s2 +
c

m
s+ ωn

2
)

U(s) = su0 + v0 +
c

m
u0

∵ c/m = 2ωnζ,

(

s2 + 2ωnζ + ωn
2
)

U(s) = su0 + v0 + 2ωnζu0

Solving for U(s),

U(s) =
u0(s+ 2ωnζ)

s2 + 2ωnζ + ωn
2
+

v0
s2 + 2ωnζ + ωn

2

Taking the inverse Laplace transform to determine u(t),

u(t) = L−1[U(s)] =
v0
ωd

e−ζωnt sinωdt+u0 e
−ζωnt

(

cosωdt+
ζ

(1− ζ2)1/2
sinωdt

)

(3)
where the inverse Laplace transforms were found using the table in Appendix
C. Simplifying (3),

u(t) = e−ζωnt

(

u0 cosωdt+
v0 + ζωnu0

ωd
sinωdt

)

(4)

where ωd = ωn

√

1− ζ2.

This result agrees perfectly with Eq. (3.30) from the textbook.

Part B

Find the response to a step input, P0.

For the given system, the EOM is

mü+ cu̇+ ku = P0 (5)
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Now, taking the Laplace transform of (5),

L[mü] = m

(

s2U(s)− s
✟
✟✟✯

0
u(0)−

✟
✟✟✯

0
u̇(0)

)

L[cu̇] = c

(

sU(s)−
✟
✟✟✯

0
u(0)

)

L[ku] = kU(s)

L[P0] =
P0

s

(6)

Inserting (6) into (5) and simplifying,

U(s) =
P0

k

ωn
2

s(s2 + 2ωnζ + ωn
2)

(7)

Finding the poles of (7),

λ1 = 0, λ2 = ωn

(

−ζ + i
√

1− ζ2
)

, and λ2 = ωn

(

−ζ − i
√

1− ζ2
)

Using Mathematica to perform partial fractions and simplify the resulting
expression,

u(t) =
P0e

ζ(−t)ωn

(

√

1− ζ2
(

ωd cos
(

√

1− ζ2tωn

)

+ ζωn sin (tωd)
)

+
(

ζ2 − 1
)

ωne
ζtωn

)

(ζ2 − 1) kωn

Simplifying further using ωd = ωn

√

1− ζ2, we arrive at the same equation
that is in the book.

u(t) =
P0

k

[

1− e−ζωnt

(

cosωdt+
ζωn

ωd
sinωdt

)]

(8)

The equation for a step response of an SDOF system from the textbook (Eq.
(5.5)) is

u(t) =
P0

k

[

1− e−ζωnt

(

cosωdt+
ζωn

ωd
sinωdt

)]

To make sure the equations from Mathematica and the textbook were the
same, they were plotted against each other.

7
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Figure 1. Comparison between book equation and my solution.

Part C

Find the response to a Sine input.

The EOM for the system is

mü+ cu̇+ ku = Ps sinΩst

Taking the Laplace transform,

m
(

s2U(s) + su(0) + u̇(0)
)

+ c (sU(s) + u(0)) + kU(s) =
PsΩs

s2 +Ω2
s

Applying zero initial conditions,

ms2U(s) + csU(s) + kU(s) =
PsΩs

s2 +Ω2
s

Solving for U(s),

U(s) =
PsΩs

(s2 +Ω2
s) (cs+ k +ms2)

8



Finding the poles,

s = {iΩs, −iΩs, −ζωn − iωd, −ζωn + iωd}

Using a partial fraction decomposition,

U(s) =
A

s− ζωn − iωd
+

B

s− ζωn + iωd
+

C

s+ iΩs
+

D

s− iΩs
(9)

Where
A = (s− ζωn − iωd)U(s)

∣

∣

s=ζωn+iωd

B = (s− ζωn + iωd)U(s)
∣

∣

s=ζωn−iωd

C = (s+ iΩs)U(s)
∣

∣

s=−iΩs

D = (s− iΩs)U(s)
∣

∣

s=iΩs

(10)

So that

A =
ω2
nΩsPs/k

(2iωd)[(ζωn + iωd)
2 +Ω2

s]

B =
ω2
nΩsPs/k

(−2iωd)[(ζωn − iωd)
2 +Ω2

s]

C =
ω2
nΩsPs/k

(−2iΩs)[(−iΩs − ζωn)
2 + ω2

d]

D =
ω2
nΩsPs/k

(2iΩs)[(iΩs − ζωn)
2 + ω2

d]

Taking the inverse Laplace transform of (9),

u(t) = Ae(ζωn+iωd)t +Be(ζωn−iωd)t + Ce−iΩst +DeiΩst

This equation does not match the book equation perfectly, but it should
give the same result.

Part D

The EOM for the system is

9



mü+ cu̇+ ku = Pc cosΩct

Taking the Laplace transform,

m
(

s2U(s) + su(0) + u̇(0)
)

+ c (sU(s) + u(0)) + kU(s) =
sPc

Ω2
c + s2

Applying zero initial conditions,

ms2U(s) + csU(s) + kU(s) =
sPc

Ω2
c + s2

Solving for U(s),

U(s) =
sPc

(Ω2
c + s2) (cs+ k +ms2)

Inserting relations for ωn and ζ,

U(s) =
sPc ω

2
n

k (Ω2
c + s2) (2ζsωn + ω2

n + s2)

Expanding,

U(s) =
−2ζPcω

5
n + sPcΩ

2
cω

2
n − sPcω

4
n

k (2ζsωn + ω2
n + s2) (4ζ2Ω2

cω
2
n − 2Ω2

cω
2
n +Ω4

c + ω4
n)

+
2ζPcΩ

2
cω

3
n − sPcΩ

2
cω

2
n + sPcω

4
n

k (Ω2
c + s2) (4ζ2Ω2

cω
2
n − 2Ω2

cω
2
n +Ω4

c + ω4
n)

10



Taking the inverse Laplace transform, and simplifying

u(t) = −Pcω
2
n

(

ω2
n − Ω2

c

)

e
2itωd−

(

ζ+i
√

1−ζ2
)

tωn

2k (4ζ2Ω2
cω

2
n − 2Ω2

cω
2
n +Ω4

c + ω4
n)

+
ζ
√

1− ζ2Pcω
4
n sin (tωd) e

itωd−

(

ζ+i
√

1−ζ2
)

tωn

(ζ2 − 1) k (4ζ2Ω2
cω

2
n − 2Ω2

cω
2
n +Ω4

c + ω4
n)

+
ζ
√

1− ζ2PcΩ
2
cω

2
n sin (tωd) e

itωd−

(

ζ+i
√

1−ζ2
)

tωn

(ζ2 − 1) k (4ζ2Ω2
cω

2
n − 2Ω2

cω
2
n +Ω4

c + ω4
n)

− Pcω
4
ne

(

ζ+i
√

1−ζ2
)

(−t)ωn

2k (4ζ2Ω2
cω

2
n − 2Ω2

cω
2
n +Ω4

c + ω4
n)

+
PcΩ

2
cω

2
ne

(

ζ+i
√

1−ζ2
)

(−t)ωn

2k (4ζ2Ω2
cω

2
n − 2Ω2

cω
2
n +Ω4

c + ω4
n)

+
2ζPcΩcω

3
n sin (tΩc)

k (4ζ2Ω2
cω

2
n − 2Ω2

cω
2
n +Ω4

c + ω4
n)

+
Pcω

4
n cos (tΩc)

k (4ζ2Ω2
cω

2
n − 2Ω2

cω
2
n +Ω4

c + ω4
n)

− PcΩ
2
cω

2
n cos (tΩc)

k (4ζ2Ω2
cω

2
n − 2Ω2

cω
2
n +Ω4

c + ω4
n)

The symbolic computations were accomplished using Mathematica. This
form is not fully simplified, but the result should give the same answer as
the previously known solutions.

Problem 2

Problem Statement

For an undamped SDOF system, use Laplace transform method to derive
solution due to

11



(a). Sine resonant response (Ps sinωnt) with zero initial conditions.

(b). Cosine resonant response (Pc cosωnt) with zero initial conditions.

Solution

Part A

The EOM for the given system is

mü+ ku = Ps sinωnt

Taking the Laplace transform of both sides,

m

(

s2U(s) +
✟
✟
✟✟✯

0
su(0) +

✟
✟✟✯

0
u̇(0)

)

+ kU(s) =
Ps ωn

s2 + ω2
n

Solving for U(s),
(

ms2 + k
)

U(s) =
Ps ωn

s2 + ω2
n

U(s) =
Ps ωn

(ms2 + k)(s2 + ω2
n)

Manipulating,

U(s) =
Ps ωn

m(s2 + ω2
n)(s

2 + ω2
n)

U(s) =
Ps

m

ωn

(s2 + ω2
n)

2

Dividing the numerator and denominator by k,

U(s) =
Ps ω

3
n

k

1

(s2 + ω2
n)

2

Taking the inverse Laplace transform,

u(t) = L−1{U(s)}

=
Ps ω

3
n

k
L−1

{

1

(s2 + ω2
n)

2

}

=
Ps ω

3
n

k

(

1

2ω3
n

[sinωnt− ωnt cosωnt]

)

12



u(t) =
Ps

2k
(sinωnt− ωnt cosωnt) (11)

This result matches previously derived results using the limiting process.

0 2 4 6 8 10
−6

−4

−2

0

2

4

6

t [sec]

u
(t
)
[m

]

Figure 2. Plot of Eq. (11).

Part B

The EOM for the given system is

mü+ ku = Pc cosωnt

Taking the Laplace transform of both sides,

m

(

s2U(s) +
✟
✟
✟✟✯

0
su(0) +

✟
✟✟✯

0
u̇(0)

)

+ kU(s) =
Pc s

s2 + ω2
n

Dividing by m,

s2U(s) + ω2
nU(s) =

Pc

m

s

s2 + ω2
n

Solving for U(s),

U(s) =
Pc

m

s

(s2 + ω2
n)

2

Simplifying further by dividing the numerator and denominator by k,

U(s) =
ω2
n Pc

k

s

(s2 + ω2
n)

2

13



Taking the inverse Laplace transform,

u(t) = L−1 {U(s)}

=
ω2
n Pc

k
L−1

{

s

(s2 + ω2
n)

2

}

=
ω2
nPc

k

(

t sinωnt

2ωn

)

∴

u(t) =
Pc

2k
(ωnt) sinωnt (12)

Again, the result in (12) matches known results perfectly (see Eq. (4.15)
from Craig).

Problem 3

Problem Statement

Find the response of a SDOF system with m = 2 kg, k = 32 N/m subject to
a saw tooth periodic input shown below. Also plot the solution, use enough
terms to convince yourself the solution has converged. Find the response at
t = 4 seconds.

(Hint: Express the periodic input as a Fourier series and then treat each
term in the series as a forcing function and use the formulas derive in Prob-
lem 1 to find solution to each term. The total solution is the sum of the
solution due to all terms.)

Solution

First, the triangular wave must be represented as a Fourier series. The
definition of a Fourier series is as follows. The Fourier series corresponding

14



to a function f(t) defined in the interval c ≤ t ≤ c+ 2L where c and L > 0
are constants is defined as

a0
2

+

∞
∑

n=1

(

an cos
nπt

L
+ bn sin

nπt

L

)

where

an =
1

L

∫ c+2L

c
f(t) cos

(

nπt

L

)

dt

bn =
1

L

∫ c+2L

c
f(t) sin

(

nπt

L

)

dt

Since the function is odd (i.e., f(−t) = −f(t)),
an = 0 and a0 = 0

Examining the Triangular wave, it is symmetric about the vertical and hori-
zontal axes. Because of this symmetry, it is only necessary to integrate over
a quarter of the period.

f(t) =
4P0

T0
t for 0 ≤ t ≤ T0

4

∴

bn =

∫

T0

4

0

4P0t

T0
sin

(

2πnt

T0

)

dt+

∫

3T0

4

T0

4

(

2P0 −
4P0t

T0

)

sin

(

2πnt

T0

)

dt

+

∫ T0

3T0

4

(

4P0t

T0
− 4P0

)

sin

(

2πnt

T0

)

dt

Evaluating the integral,

bn =
P0T0

(

2 sin
(

πn
2

)

− 2 sin
(

3πn
2

)

+ sin(2πn)
)

π2n2

for n = 1, 3, 5, . . . , sin(2πn) = 0. Also, sin (πn/2) = − sin (3πn/2) =1, −1,
1 for n = 1, 3, 5. Therefore, bn becomes

bn =







































4T0P0

n2π2
if n = 1, 5, 9, . . .

−4T0P0

n2π2
if n = 3, 7, 11, . . .

0 otherwise

(13)
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So, the triangular function expressed as an infinite sum of sinusoids is given
by,

f(t) =
∞
∑

n=1

bn sin

(

2nπt

T0

)

(14)

where bn is given by Eq. (13).

To make sure the derived Fourier series was correct, it was plotted with
MATLAB. The results are shown in Figure 3. The series was implemented
in MATLAB as follows:

for n = 1:nTerms

% Sequence for odd numbers

k = 2*n-1;

fprintf('k = %d\n',k)

% Logic structure to change sign of b_n term

if k == 4*counter - 3

b(n) = 4*P_0*T_0/(piˆ2*kˆ2);

counter = counter+1;

else

b(n) = -4*P_0*T_0/(piˆ2*kˆ2);

end

% Summing terms

sum = sum + b(n)*sin(2*k*pi*t/T_0);

% Forcing frequency

Omega(n) = 2*k*pi/T_0;

end

16
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Figure 3. Triangular wave from 5-term expansion given by Eq. (14).

Now, writing out the first five terms of Eq. (14), the forcing function is given
by

f(t) ≈ 4P0T0
π2

sin

(

2πt

T0

)

− 4P0T0
9π2

sin

(

6πt

T0

)

+
4P0T0
25π2

sin

(

10πt

T0

)

−4P0T0
49π2

sin

(

14πt

T0

)

+
4P0T0
81π2

sin

(

18πt

T0

)

(15)
Assigning each amplitude to Ai for i = 1 to 5, and assigning Ωi to the
interior terms of the sin functions, excluding time,

f(t) ≈ A1 sinΩ1t+A2 sinΩ2t+A3 sinΩ3t+A4 sinΩ4t+A5 sinΩ5t

For the given system, the EOM is given by

mü+ ku =
N
∑

i=1

Ai sinΩit

where N = 5, for this case. Using the previously derived solution of an

17



SDOF system to a sine input and setting c = 0,

u(t) ≈
N
∑

i=1

Ai

k

ωn

ω2
n − Ω2

i

(ωn sinΩit− Ωi sinωnt) (16)

MATLAB implementation:

for n = 1:nTerms

% Equation for response

u = u + A(n)/k*omega_n/(omega_nˆ2 - Omega(n)ˆ2)*...

(omega_n*sin(Omega(n)*t) - Omega(n)*sin(omega_n*t));

end

0 2 4 6 8 10
−10

−5

0

5

10
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Figure 4. Response of undamped SDOF system to triangular wave loading.

Using the MATLAB function, interp1, to determine the displacement of the
system at t = 4 by linear interpolation,

u(4) ≈ 1.08 m
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Problem 4

Problem Statement

Find the response of the system of Problem 3 to a saw-tooth pulse shown
below.

(a). Find the solution by Duhamel integral or any other analytical method.

(b). Plot the response for t ≤ T0. Also plot the response for this time
period using the solution of Problem 3.

(c). Find the response at t = 10 seconds.

(d). Validate the analytical solution by ode45.

Solution

Part A

From Eq. (5.36) from the text, for zero initial conditions,

u(t) =
1

mωn

∫ t

0
p(τ) sin(ωn(t− τ)) dτ

For the first interval, 0 ≤ t ≤ T1 and

p(τ) =
P0

T1
τ

The Duhamel integral becomes,

u1(t) =
P0

mωnT1

∫ t

0
τ sin(ωn(t− τ)) dτ

Evaluating the integral,

u1(t) =
P0

mω3
nT1

(ωnt− sinωnt)

For the second interval, T1 ≤ t ≤ 3T1,

p(τ) = 2P0 −
P0τ

T1
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So, the Duhamel integral becomes,

u2(t) =

∫ T1

0

P0τ sin (ωn(t− τ))

mT1ωn
dτ +

∫ t

T1

(

2P0 − P0τ
T1

)

sin (ωn(t− τ))

mωn
dτ

Evaluating the integral,

u(t) = −P0 (ωn (t− 2T1)− 2 sin (ωn (t− T1)) + sin (tωn))

mT1ω3
n

For the third interval, 3T1 ≤ t ≤ 4T1,

p(τ) =
P0τ

T1
− 4P0

So, the Duhamel integral becomes,

u3(t) =

∫ T1

0

P0τ sin (ωn(t− τ))

mT1ωn
dτ +

∫ 3T1

T1

(

2P0 − P0τ
T1

)

sin (ωn(t− τ))

mωn
dτ

+

∫ t

3T1

(

P0τ
T1

− 4P0

)

sin (ωn(t− τ))

mωn
dτ

Evaluating the integral,

u(t) = −P0 (−ωn (t− 4T1)− 2 sin (ωn (t− T1)) + 2 sin (ωn (t− 3T1)) + sin (tωn))

mT1ω3
n

For the last interval,

u4(t) =

∫ T1

0

P0τ sin (ωn(t− τ))

mT1ωn
dτ +

∫ 3T1

T1

(

2P0 − P0τ
T1

)

sin (ωn(t− τ))

mωn
dτ

+

∫ 4T1

3T1

(

P0τ
T1

− 4P0

)

sin (ωn(t− τ))

mωn
dτ

Evaluating the integral,

u4(t) =
P0 (2 sin (ωn (t− T1))− 2 sin (ωn (t− 3T1)) + sin (ωn (t− 4T1))− sin (tωn))

mT1ω3
n
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Part B

The responses as computed by Fourier series method, the Duhamel integral
method and the numerical method (ode45) are depicted below.

0 0.5 1 1.5 2
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t [sec]

u
(t
)
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Fourier Series w/ 5 terms
Duhamel Integral
ode45

Figure 5. Comparison between solution methods with Fourier series expansion of 5
terms.

Because the 5-term Fourier series didn’t agree well with the numerical and
analytical solutions, the MATLAB program was generalized to allow for an
arbitrary number of terms. After some trial and error, a 16-term expansion
was chosen because of sufficient convergence.
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Figure 6. Comparison between solution methods with Fourier series expansion of 16
terms.
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Figure 7. Response of SDOF to triangular wave.
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Part C

u(10) = −0.6591 m

Part D

The previous solutions were validated by using MATLAB’s built-in ODE
solver, ode45. The EOM for the given system is

mü+ ku = T (t) (17)

where T (t) represents the triangular wave form. For this to be implemented
in MATLAB, this second order ODE must be reduced to a system of two
first order odes. This process is accomplished below:

x1 = u

x′1 = u̇

x2 = x′1 = u̇

x′2 = ü

Now, rewriting (17),

x′2 + ω2
nx1 =

1

m
T (t)

Solving for x′2,

x′2 =
1

m
T (t)− ωnx1 (18)

Eq. (18) is implemented in a MATLAB function as follows:

function dx = func(t,x)

dx = zeros(2,1);

dx(1) = x(2);

dx(2) = triangleWave(t)/m - omega_nˆ2*x(1);

end

To provide ode45 with the correct triangular wave input, a function was
written that created the correct loading for only the first period (see below
code).
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function Twave = triangleWave(t)

% Preallocating Twave

Twave = zeros(1,numel(t));

% Setting up loop

for n = 1:numel(t)

if t(n) <= T_0/4

Twave(n) = 4*P_0/T_0*t(n);

elseif t(n) > T_0/4 && t(n) <= 3*T_0/4

Twave(n) = -4*P_0/T_0*t(n) + 2*P_0;

elseif t(n) > 3*T_0/4 && t(n) <= 5*T_0/4

Twave(n) = 4*P_0/T_0*t(n) - 4*P_0;

else

break

end

end

end

Problem 5

Problem Statement

For a 3-DOF system with the following data:

K =





200 −100 0
−100 200 −100
0 −100 400



 and M =





4 0 0
0 1 0
0 0 2





The system is proportionally damped with damping factors 0.1, 0.2, and
0.3, respectively for modes 1, 2, and 3.

(a). Find the analytical solution of the total response to the following initial
conditions:

u(0) =







0
0
0







and u̇(0) =







0
1
0
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(b). Find the steady-state solution of the system due to a unit sinusoidal
load applied at DOF 2.

(c). Plot U1(Ω) using CO-QUAD and Nyquist plots.

(d). Plot U2(Ω) using Bode plots.

(e). Find amplitude of the responses at Ω = (ω1 + ω2)/2.

(f). Check part (d) by direct solution.

Solution

Part A

The EOM of the system is

Mü+Cu̇+Ku = p(t) (19)

Given the mass and stiffness matrices, the eigenvectors and eigenvalues are
determined by solving the generalized eigenvalue problem.

KΦ = MΦΛ

After finding the eigenvalues, the natural frequency of the r-th mode is given
by

ωr =
√

λr

Next, the generalized mass and stiffness matrices are determined.

M = Φ⊤MΦ

K = Φ⊤KΦ

The generalized damping matrix is given by

C = Φ⊤CΦ = diag(2ζrωrMr)

Now, the equation of motion can be written in modal coordinates as

Mq̈+ Cq̇+Kq = Φ⊤p(t)
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Since this is a 3-DOF system, we now have 3 uncoupled ODEs in modal
coordinates. The initial conditions must also be transformed for modal
coordinates as follows.

qr(0) =
1

Mr
φ⊤

r Mu(0)

q̇r(0) =
1

Mr
φ⊤

r Mu̇(0)















r = 1, 2, . . . , N

First uncoupled differential equation:

2.942 q'' + 3.324 q' + 93.92 q = 0.000

Second uncoupled differential equation:

1.529 q'' + 7.280 q' + 216.59 q = 0.000

Third uncoupled differential equation:

1.322 q'' + 13.193 q' + 365.59 q = 0.000

Solution of these ordinary differential equations yields

u_1(t) =

0.02786*exp(-0.565*t)*sin(5.622*t) - ...

0.008462*exp(-2.38*t)*sin(11.66*t) - ...

0.003655*exp(-4.988*t)*sin(15.86*t)

u_2(t) =

0.03311*exp(-4.988*t)*sin(15.86*t) + 0.03101*exp(-2.38*t)*sin(11.66*t) ...

+ 0.02014*exp(-0.565*t)*sin(5.622*t)

u_3(t) =

0.02657*exp(-2.38*t)*sin(11.66*t) - 0.02165*exp(-4.988*t)*sin(15.86*t) ...

+ 0.005992*exp(-0.565*t)*sin(5.622*t)

Next, the responses of each DOF are plotted (see Figure 8).
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Figure 8. Response of proportionally damped system to initial conditions.
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Part B

For this problem u(0) = {0}, u̇(0) = {0}, and

p(t) =







0
1
0







cosΩt

The complex frequency response function H ij(Ω) is given in the textbook
by Eq. (11.31).

H ij(Ω) =
N
∑

r=1

φirφjr
Kr

1

(1− r2r) + i(2ζrrr)

where Hij represents the response at coordinate ui due to harmonic excita-
tion at pj .

tanαr =
2ζrrr
1− r2r

where rr =
Ω

ωr

To find the steady state solution of the system at DOF 2, i is set to 2 and
because there is only harmonic excitation at DOF 2, j = 2. Therefore,

H22 =

3
∑

r=1

φ2rφ2r
Kr

1
(

1− Ω2

ω2
r

)

+ i
(

2ζr
Ω
ωr

) (20)

Using MATLAB to perform the calculations:

N_1/D_1(W) =

0.003547/(- 0.03132*Wˆ2 + W*(0.0354*i + 0.0) + 1.0)

N_2/D_2(W) =

0.002553/(- 0.007061*Wˆ2 + W*(0.03361*i + 0.0) + 1.0)

N_3/D_3(W) =

0.0019/(- 0.003617*Wˆ2 + W*(0.03609*i + 0.0) + 1.0)
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Part C

To plot U1(Ω), the time domain data for the first degree of freedom from
Part A was transformed into the frequency domain using the Fast Fourier
Transform or FFT. This was implemented in MATLAB as follows:

% Saving plot

set(gcf,'PaperPositionMode','auto')

print(gcf, '-depsc', [ImgPath,'FinalProb4bFRF.eps'])

%% Part C - using fft to find U_1(Omega)

% Determining time step

Deltat = t_span(2) - t_span(1);

% Sampling frequency

f_s = 1/Deltat;

% Frequency resolution

Deltaf = 1/t_final;

% Number of samples

u_1 = keepu_1;
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Figure 9. CO-QUAD plot.
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Part D
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Figure 11. Bode plot of Eq. (20).
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Part E

To determine the amplitudes of the responses at Ω = (ω1 + ω2)/2, the
MATLAB interp1 function was used to interpolate the solution from the
previous mode superposition solution.

At Omega = 8.78 rad/s, |U| = 0.004432, 0.005524, 0.004314

Part F

MATLAB was used to solve for the response of the system to the sinusoidal
loading. The process and results are described below.

Solving the eigensystem,
KΦ = MΦΛ

After finding the eigenvalues, the natural frequency of the r-th mode is given
by

ωr =
√

λr

Generalized mass, stiffness, and damping matrices are calculated as follows:

M = Φ⊤MΦ

K = Φ⊤KΦ

C = Φ⊤CΦ = diag(2ζrωrMr)

Now, the equation of motion can be written in modal coordinates as

Mq̈+ Cq̇+Kq = Φ⊤p(t)

Again, since this is a 3-DOF system, we now have 3 uncoupled ODEs in
modal coordinates.

First uncoupled differential equation:

2.942 q'' + 3.324 q' + 93.92 q = 0.577*cos(Omega*t)

Second uncoupled differential equation:

1.529 q'' + 7.280 q' + 216.59 q = 0.744*cos(Omega*t)

Third uncoupled differential equation:

1.322 q'' + 13.193 q' + 365.59 q = -0.833*cos(Omega*t)

32



To plot the responses, a value for the forcing frequency was assumed (i.e.,
Ω = 2 rad/s). Solutions to ODEs:

u_1(t) =

0.004647*cos(2.0*t) + 0.0003861*sin(2.0*t) + ...

6.852e-5*exp(-4.988*t)*sin(15.86*t) + ...

0.0007135*exp(-2.38*t)*cos(11.66*t) - ...

0.005573*exp(-0.565*t)*cos(5.622*t) + ...

0.0001541*exp(-2.38*t)*sin(11.66*t) - ...

0.0007205*exp(-0.565*t)*sin(5.622*t) + ...

0.0002117*exp(-4.988*t)*cos(15.86*t)

u_2(t) =

0.008561*cos(2.0*t) + 0.0006474*sin(2.0*t) - ...

0.0006206*exp(-4.988*t)*sin(15.86*t) - ...

0.002615*exp(-2.38*t)*cos(11.66*t) - ...

0.004029*exp(-0.565*t)*cos(5.622*t) - ...

0.0005648*exp(-2.38*t)*sin(11.66*t) - ...

0.0005209*exp(-0.565*t)*sin(5.622*t) - ...

0.001917*exp(-4.988*t)*cos(15.86*t)

u_3(t) =

0.002185*cos(2.0*t) + 0.0001601*sin(2.0*t) + ...

0.0004059*exp(-4.988*t)*sin(15.86*t) - ...

0.00224*exp(-2.38*t)*cos(11.66*t) - ...

0.001198*exp(-0.565*t)*cos(5.622*t) - ...

0.0004838*exp(-2.38*t)*sin(11.66*t) - ...

0.000155*exp(-0.565*t)*sin(5.622*t) + ...

0.001254*exp(-4.988*t)*cos(15.86*t)

The responses can be seen in Figure 12.

Comparing the plots to the results in Part E, the amplitudes look comparable
with the exception of the third degree of freedom.
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Figure 12. Response of proportionally damped system to sinusoidal loading.
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Problem 6

Problem Statement

For a supported-clamped circular steel beam with a length of 2 meters and
total mass of 50 kg, find the natural frequency of the first mode. Choose
your own E and ρ for the material. Cite the source of data.

(a). Use MASDAN analytical solution

(b). Use Ritz method (by DYSSOLVE).

(a) What is the lowest order polynomial (NP) required to solve the
problem?

(b) Find 3 solutions by DYSSOLVE using polynomial of order NP,
NP + 1, and NP + 2.

(c). Use finite element method by DYSSOLVE. Model the beam using 1,
2, and 20 elements.

Tabulate your solutions.

Solution

The density and Modulus of Elasticity were determined from Hibbeler’s
Mechanics of Materials textbook assuming A36 steel.

ρ = 7.85 Mg/m3 and E = 200 GPa

Part A

ω1 = 9.79 rad/s
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Table 1. Summary of results.

Method Model 1 Model 2 Model 3

Ritz 9.82 9.80 9.79
FE 13.02 9.89 9.79

Figure 13. Analytical solution by MASDAN.

Part B

The lowest order polynomial required to solve the problem is 4.
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Figure 14. Ritz solution with NP = 4.

Figure 15. Ritz solution with NP = 5.
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Figure 16. Ritz solution with NP = 6.
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Part C

Figure 17. FEM solution with 1 element.
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Figure 18. FEM solution with 2 elements.

Figure 19. FEM solution with 20 elements.
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Problem 7

Problem Statement

A hinge is to be added to the spring supported rigid bar. Find the optimal
location of the hinge to maximize the natural frequency of the system. Use
the following numerical data:

m = 40 kg, L = 10 m, k = 10, 000 N/m, k1 = 2k, k2 = k

The bar has a uniform mass distribution.

Remarks: This problem was a problem in Exam 1. I do not want to see
the same solution. However, using the knowledge you have learned from my
recent lectures, you can find the best support location from the mode shape
plot of the 2-DOF bar without the hinge. Try to solve the problem using
this approach.

Solution

The Assumed Modes method will be used to re-solve this problem. The cal-
culations for this problem were performed using Mathematica. The code is
at the end of this document. Using Note-19, the mass and stiffness matrices
for this system are

M =

[

m Lm/2
Lm/2 L2m/3

]

and K =

[

k1 + k2 Lk2
Lk2 L2k2

]

Next, the eigenvalues and eigenvectors are found.

φ1 =

{

0.985329
0.170664

}

, φ2 =

{

0.985329
−0.170664

}

and λ2,1 = {2366.03, 633.975}

Next, the shape function is defined.

Fx =
{

x0, x
}
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ψr(x) = Fxcr where cr = φr

Therefore, the two eigenfunctions are

ψ1 = Fxφ1 = 0.170664x+ 0.985329
ψ2 = Fxφ2 = 0.985329− 0.170664x

Plotting with Mathematica,

0.5 1.0 1.5 2.0 2.5

1.0

1.1

1.2

1.3

1.4

Figure 20. First eigenfunction.
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Figure 21. Second eigenfunction.
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Examining Figure 21, it is evident that there is a node. The eigenfunction
is solved for the node, yielding:

xoptimal = 5.7735 m

Final Exam MATLAB code

Problem 2 MATLAB code

1 %% Clearing workspace

2 clc,clear,close all

3

4 %% Inputs

5

6 % Setting defaults

7 set(0,'DefaultTextInterpreter','LaTeX')

8

9 % Path to images

10 ImgPath = 'C:\Users\James\Desktop\School\Courses\UTA\AE 5311 - Structural ...

Dynamics\Images\';

11

12 P_s = 5;

13 k = 32;

14 m = 2;

15 omega_n = sqrt(k/m);

16

17 %% Calculations

18

19 % Time vector

20 t = linspace(0,10,1e3);

21

22 % Displacement eqn

23 u = P_s/k*(sin(omega_n*t) - omega_n*t.*cos(omega_n*t));

24

25 % Plotting

26 figure('Position',[1010 60 560 250])

27 plot(t,u,'-k','LineWidth',1.5)

28 xlabel('$t$ [sec]','FontSize',11)

29 ylabel('$u(t)$ [m]','FontSize',11)

30

31 % Saving plot

32 set(gcf,'PaperPositionMode','auto')

33 print(gcf, '-depsc', [ImgPath,'FinalProb2a.eps'])
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Problem 3 MATLAB code

1 %% Clearing workspace

2 clc,clear,close all

3

4 %% Inputs

5

6 % Setting defaults

7 set(0,'DefaultTextInterpreter','LaTeX')

8

9 % Path to images

10 ImgPath = 'C:\Users\James\Desktop\School\Courses\UTA\AE 5311 - Structural ...

Dynamics\Images\';

11

12 m = 2; % kg

13 k = 32; % N/m

14 T_0 = 2; % sec

15 P_0 = 64; % N

16 omega_n = sqrt(k/m);

17

18 %% Calculations

19

20 % Time vector

21 t_final = 10;

22 t = linspace(0,t_final,1e3);

23 sum = 0;

24

25 % Number of terms

26 nTerms = 15;

27

28 % Preallocating b vector for terms

29 b = zeros(1,nTerms);

30 Omega = b;

31

32 % Setting up string of linestyles for plotting of Fourier series

33 cString = {'-k','-b','-r','-g','--k','--b','--r','--g'};

34 counter = 1;

35

36 % Creating figure

37 % figure('Position',[1010 50 560 280])

38 % hold on

39

40 % Summing terms

41 for n = 1:nTerms

42

43 % Sequence for odd numbers

44 k = 2*n-1;
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45 fprintf('k = %d\n',k)

46

47 % Logic structure to change sign of b_n term

48 if k == 4*counter - 3

49 b(n) = 4*P_0*T_0/(piˆ2*kˆ2);

50 counter = counter+1;

51 else

52 b(n) = -4*P_0*T_0/(piˆ2*kˆ2);

53 end

54

55 % Summing terms

56 sum = sum + b(n)*sin(2*k*pi*t/T_0);

57

58 % Forcing frequency

59 Omega(n) = 2*k*pi/T_0;

60

61 end

62

63 % Setting up figure to plot triangular wave

64 figure('Position',[1010 50 560 280])

65 plot(t,sum,'-k','LineWidth',1.5)

66 grid on

67

68 % Adding labels

69 xlabel('$t$ [sec]','FontSize',11)

70 ylabel('$f(t)$ [N]','FontSize',11)

71

72 % Saving plot

73 set(gcf,'PaperPositionMode','auto')

74 print(gcf, '-depsc', [ImgPath,'FinalProb3trianglewave.eps'])

75

76 %% Solving for u(t)

77

78 % Assigning A_i

79 A = b;

80

81 % Initializing reponse variable

82 u = 0;

83

84 % Summing first five terms of response

85 for n = 1:nTerms

86

87 % Equation for response

88 u = u + A(n)/k*omega_n/(omega_nˆ2 - Omega(n)ˆ2)*...

89 (omega_n*sin(Omega(n)*t) - Omega(n)*sin(omega_n*t));

90

91 end

92

93 % Plotting response
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94 figure('Position',[1010 50 560 280])

95 plot(t,u,'-k','LineWidth',1.5)

96 grid

97

98 % Adding labels

99 xlabel('$t$ [sec]','FontSize',11)

100 ylabel('$u(t)$ [m]','FontSize',11)

101

102 %% Solving for the response at t = 4

103

104 % Time at which we want to know the response

105 tr = 4;

106

107 % Interpolating from the previous calculation

108 ur = interp1(t,u,tr);

109

110 % Displaying results

111 fprintf('At t = %2.2f, u(%2.2f) = %2.2f m\n\n',tr,tr,ur)

112

113 % Plotting point on response

114 hold on

115 plot(tr,ur,'ro','LineWidth',1.5)

116

117 % Saving plot

118 set(gcf,'PaperPositionMode','auto')

119 print(gcf, '-depsc', [ImgPath,'FinalProb3response.eps'])

1 function [u,tf] = FinalExamProb4Validation(P_0,T_0,k,m)

2

3 nPoints = 1e3;

4 omega_n = sqrt(k/m);

5 tSPAN = linspace(0,T_0,nPoints);

6 IC = [0; 0];

7 [tf,u] = ode45(@func,tSPAN,IC);

8

9 %% Function to create triangle wave

10

11 function Twave = triangleWave(t)

12

13 % Preallocating Twave

14 Twave = zeros(1,numel(t));

15

16 % Setting up loop

17 for n = 1:numel(t)

18

19 if t(n) <= T_0/4

20 Twave(n) = 4*P_0/T_0*t(n);
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21 elseif t(n) > T_0/4 && t(n) <= 3*T_0/4

22 Twave(n) = -4*P_0/T_0*t(n) + 2*P_0;

23 elseif t(n) > 3*T_0/4 && t(n) <= 5*T_0/4

24 Twave(n) = 4*P_0/T_0*t(n) - 4*P_0;

25 else

26 break

27 end

28

29 end

30 end

31

32 %% Alternate function for triangle wave

33

34

35 %% Function for ode45

36

37 function dx = func(t,x)

38 dx = zeros(2,1);

39 dx(1) = x(2);

40 dx(2) = triangleWave(t)/m - omega_nˆ2*x(1);

41 end

42

43 end

Problem 4 MATLAB code

1 %% Clearing workspace

2 clc,clear,close all

3

4 %% Inputs

5

6 % Setting defaults

7 set(0,'DefaultTextInterpreter','LaTeX')

8

9 % Path to images

10 ImgPath = ['C:\Users\James\Desktop\School\Courses\UTA\AE 5311 - ',...

11 'Structural Dynamics\Images\'];

12

13 m = 2; % kg

14 k = 32; % N/m

15 T_0 = 2; % sec

16 P_0 = 64; % N

17 omega_n = sqrt(k/m);

18

19 %% Calculations for Problem 3
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20

21 % Time vector

22 t_final = T_0;

23 t = linspace(0,t_final,5e3);

24 sum = 0;

25

26 % Number of terms

27 nTerms = 16;

28

29 % Preallocating b vector for terms

30 b = zeros(1,nTerms);

31 Omega = b;

32

33 % Setting up string of linestyles for plotting of Fourier series

34 cString = {'-k','-b','-r','-g','--k','--b','--r','--g'};

35 counter = 1;

36

37 % Summing terms

38 for n = 1:nTerms

39

40 % Sequence for odd numbers

41 k = 2*n-1;

42 fprintf('k = %d\n',k)

43

44 % Logic structure to change sign of b_n term

45 if k == 4*counter - 3

46 b(n) = 4*P_0*T_0/(piˆ2*kˆ2);

47 counter = counter+1;

48 else

49 b(n) = -4*P_0*T_0/(piˆ2*kˆ2);

50 end

51

52 % Summing terms

53 sum = sum + b(n)*sin(2*k*pi*t/T_0);

54

55 % Forcing frequency

56 Omega(n) = 2*k*pi/T_0;

57

58 end

59

60 % Creating figure

61 figure('Position',[1010 50 560 280])

62 plot(t,sum,'-k','LineWidth',1.5)

63

64 % Solving for u(t)

65

66 % Assigning A_i

67 A = b;

68 term = zeros(numel(A),numel(t));
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69

70 % Initializing reponse variable

71 u = 0;

72

73 % Summing first five terms of response

74 for n = 1:nTerms

75

76 % Calculating each term

77 term(n,:) = A(n)/k*omega_n/(omega_nˆ2 - Omega(n)ˆ2)*...

78 (omega_n*sin(Omega(n)*t) - Omega(n)*sin(omega_n*t));

79

80 % Equation for response

81 u = u + A(n)/k*omega_n/(omega_nˆ2 - Omega(n)ˆ2)*...

82 (omega_n*sin(Omega(n)*t) - Omega(n)*sin(omega_n*t));

83

84 end

85

86 % Plotting response

87 figure('Position',[1010 50 560 280])

88 hfourier = plot(t,u,'-b','LineWidth',1.5);

89 hold on

90

91 % Adding labels

92 xlabel('$t$ [sec]','FontSize',11)

93 ylabel('$u(t)$ [m]','FontSize',11)

94

95 %% Calculations for Problem 4

96

97 % Inputs

98 m = 2; % kg

99 k = 32; % N/m

100 T_0 = 2; % sec

101 P_0 = 64; % N

102 omega_n = sqrt(k/m);

103 T_1 = T_0/4;

104 t_final = 10;

105

106 % Time vectors

107 t_1 = linspace(0,T_1,1e3);

108 t_2 = linspace(T_1,3*T_1,1e3);

109 t_3 = linspace(3*T_1,4*T_1,1e3);

110 t_4 = linspace(4*T_1,t_final,1e3);

111

112 % First interval

113 u_1 = P_0/(m*T_1*omega_nˆ3)*(t_1*omega_n - sin(omega_n*t_1));

114

115 % Plotting

116 plot(t_1,u_1,'-r','LineWidth',1.5)

117
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118 % Second interval

119 u_2 = -P_0/(m*T_1*omega_nˆ3)*(sin(omega_n*t_2) - 2*sin(omega_n*(t_2 - T_1)) ...

+ ...

120 (t_2 - 2*T_1)*omega_n);

121

122 % Plotting

123 hold on

124 plot(t_2,u_2,'-r','LineWidth',1.5)

125

126 % Third interval

127 u_3 = -P_0/(m*T_1*omega_nˆ3)*(sin(omega_n*t_3) + 2*sin(omega_n*...

128 (t_3 - 3*T_1)) - 2*sin(omega_n*(t_3-T_1)) - omega_n*(t_3 - 4*T_1));

129

130 hduhamel = plot(t_3,u_3,'-r','LineWidth',1.5);

131

132 % Fourth interval

133 u_4 = P_0/(m*T_1*omega_nˆ3)*(2*sin(omega_n*(t_4 - T_1))...

134 - 2*sin(omega_n*(t_4 - 3*T_1))) + sin(omega_n*(t_4 - 4*T_1)) ...

135 - sin(omega_n*t_4);

136

137

138 %% Calling ode45 for numerical solution

139 [u,t] = FinalExamProb4Validation(P_0,T_0,k,m);

140

141 % Separating solution

142 uNumerical = u(:,1);

143 hode45 = plot(t,uNumerical,'--k','LineWidth',1.5);

144

145 % Adding legend

146 lh = legend([hfourier,hduhamel,hode45],['Fourier Series w/ ',...

147 num2str(nTerms),' terms'],'Duhamel Integral','ode45');

148 set(lh,'Location','SouthWest','FontSize',11,'Interpreter','LaTeX')

149

150 % Saving plot

151 set(gcf,'PaperPositionMode','auto')

152 print(gcf, '-depsc', [ImgPath,'FinalProb4.eps'])

153

154 % Plotting

155 figure('Position',[1010 50 560 280])

156 plot(t_1,u_1,'-k',t_2,u_2,'--k',t_3,u_3,'-b',t_4,u_4,'--b',...

157 'LineWidth',1.5)

158 xlabel('$t$ [sec]')

159 ylabel('$u(t)$ [m]')

160

161 % Saving plot

162 set(gcf,'PaperPositionMode','auto')

163 print(gcf, '-depsc', [ImgPath,'FinalProb4d.eps'])

50



Problem 5 MATLAB code

1 %% Take Home Final Problem 5

2

3 %% Clearing workspace

4 clc,clear,close all

5

6 %% Inputs

7

8 % Setting defaults

9 set(0,'DefaultTextInterpreter','LaTeX')

10

11 % Path to images

12 ImgPath = ['C:\Users\James\Desktop\School\Courses\UTA\',...

13 'AE 5311 - Structural Dynamics\Images\'];

14

15

16 K = [200 -100 0; -100 200 -100; 0 -100 400];

17 M = [4 0 0; 0 1 0; 0 0 2];

18 zeta = [0.1;0.2;0.3];

19 u_0 = [0;0;0];

20 v_0 = [0;1;0];

21 P = [0;0;0];

22

23 % Final time for plotting

24 t_final = 50;

25 nPoints = 1e4;

26

27 %% Part A - Find analytical solution to initial conditions

28

29 % Symbolically finding the eigenvalues

30 syms LL

31 eq1 = sort(real(vpa(solve(det(K - LL*M)==0,'LL'),4)));

32

33 % Using MATLAB function to check

34 [Phi,Lambda] = eig(K,M);

35

36 % Separating eigenvalues

37 Lambda = sort(diag(Lambda));

38 lambda_1 = Lambda(1);

39 lambda_2 = Lambda(2);

40 lambda_3 = Lambda(3);

41

42 % Finding eigenvectors

43 phi_1 = null(K - lambda_1*M);

44 phi_2 = null(K - lambda_2*M);

45 phi_3 = null(K - lambda_3*M);
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46

47 % Natural frequencies

48 omega_1 = sqrt(lambda_1);

49 omega_2 = sqrt(lambda_2);

50 omega_3 = sqrt(lambda_3);

51

52 % Constructing Phi matrix

53 Phi = [phi_1 phi_2 phi_3];

54

55 % Generalized mass and stiffness matrices

56 GM = Phi'*M*Phi;

57 GK = Phi'*K*Phi;

58

59 % Generalized damping matrix

60 GC(1,1) = 2*zeta(1)*omega_1*GM(1,1);

61 GC(2,2) = 2*zeta(2)*omega_2*GM(2,2);

62 GC(3,3) = 2*zeta(3)*omega_3*GM(2,2);

63

64 disp('===================================================================')

65 disp('Part A - Modal EOMs')

66 disp('===================================================================')

67

68 % First uncoupled differential equation

69 term11 = GM(1,1);

70 term12 = 2*GM(1,1)*omega_1*zeta(1);

71 term13 = omega_1ˆ2*GM(1,1);

72 term14 = phi_1'*P;

73 fprintf('First uncoupled differential equation: \n')

74 fprintf('%1.3f q'''' + %1.3f q'' + %2.2f q = %1.3f \n\n',...

75 term11,term12,term13,term14);

76

77 % Second uncoupled differential equation

78 term21 = GM(2,2);

79 term22 = 2*GM(2,2)*omega_2*zeta(2);

80 term23 = omega_2ˆ2*GM(2,2);

81 term24 = phi_2'*P;

82 fprintf('Second uncoupled differential equation: \n')

83 fprintf('%1.3f q'''' + %1.3f q'' + %2.2f q = %1.3f \n\n',...

84 term21,term22,term23,term24);

85

86 % Third uncoupled differential equation

87 term31 = GM(3,3);

88 term32 = 2*GM(3,3)*omega_3*zeta(3);

89 term33 = omega_3ˆ2*GM(3,3);

90 term34 = phi_3'*P;

91 fprintf('Third uncoupled differential equation: \n')

92 fprintf('%1.3f q'''' + %1.3f q'' + %2.2f q = %1.3f \n\n',...

93 term31,term32,term33,term34);

94
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95 % Setting up derivatives

96 syms q1(t) q2(t) q3(t)

97 Dq1 = diff(q1);

98 D2q1 = diff(q1,2);

99 Dq2 = diff(q2);

100 D2q2 = diff(q2,2);

101 Dq3 = diff(q3);

102 D2q3 = diff(q3,2);

103

104 % Transforming initial conditions to modal coordinates

105 % Initial displacements

106 q1_0 = 1/GM(1,1)*phi_1'*M*u_0;

107 q2_0 = 1/GM(2,2)*phi_2'*M*u_0;

108 q3_0 = 1/GM(3,3)*phi_3'*M*u_0;

109

110 % Initial velocities

111 q1dot_0 = 1/GM(1,1)*phi_1'*M*v_0;

112 q2dot_0 = 1/GM(2,2)*phi_2'*M*v_0;

113 q3dot_0 = 1/GM(3,3)*phi_3'*M*v_0;

114

115 % Solving differential equations symbolically

116 Q1 = vpa(dsolve(term11*D2q1 + term12*Dq1 + term13*q1 == term14,...

117 q1(0)==q1_0,Dq1(0)==q1dot_0),4);

118

119 Q2 = vpa(dsolve(term21*D2q2 + term22*Dq2 + term23*q2 == term24,...

120 q2(0)==q2_0,Dq2(0)==q2dot_0),4);

121

122 Q3 = vpa(dsolve(term31*D2q3 + term32*Dq3 + term33*q3 == term34,...

123 q3(0)==q3_0,Dq3(0)==q3dot_0),4);

124

125 % Substituting time vector

126 t_span = linspace(0,t_final,nPoints);

127

128 % Transforming from modal back to spatial coordinates

129 U = vpa(Phi*[Q1; Q2; Q3],4);

130

131 % Outputting solutions

132 disp('===================================================================')

133 disp('Solution for Part A')

134 disp('===================================================================')

135 disp('u_1(t) = ')

136 disp(vpa(simplify(U(1)),4))

137 disp('u_2(t) = ')

138 disp(vpa(simplify(U(2)),4))

139 disp('u_3(t) = ')

140 disp(vpa(simplify(U(3)),4))

141

142 % Substituting time vectors into symbolic expressions

143 u_1 = subs(U(1),t,t_span);
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144 u_2 = subs(U(2),t,t_span);

145 u_3 = subs(U(3),t,t_span);

146 keepu_1 = u_1;

147

148 % Plotting response

149 figure('Position',[1060 40 530 775])

150

151 % Plot for first degree of freedom

152 subplot(3,1,1)

153 plot(t_span,u_1,'LineWidth',1.5)

154 xlabel('$t$ [sec]','FontSize',11)

155 ylabel('$u_1(t)$ [m]','FontSize',11)

156 set(gca,'XLim',[0 10])

157

158 % Plot for second degree of freedom

159 subplot(3,1,2)

160 plot(t_span,u_2,'LineWidth',1.5)

161 xlabel('$t$ [sec]','FontSize',11)

162 ylabel('$u_2(t)$ [m]','FontSize',11)

163 set(gca,'XLim',[0 10])

164

165 % Plot for third degree of freedom

166 subplot(3,1,3)

167 plot(t_span,u_3,'LineWidth',1.5)

168 xlabel('$t$ [sec]','FontSize',11)

169 ylabel('$u_3(t)$ [m]','FontSize',11)

170 set(gca,'XLim',[0 10])

171

172 % Saving plot

173 set(gcf,'PaperPositionMode','auto')

174 print(gcf, '-depsc', [ImgPath,'FinalProb4a.eps'])

175

176 %% Part B

177

178 % Setting final time

179 % t_final = 50;

180

181 % Setting initial conditions equal to zero

182 u_0 = [0;0;0];

183 v_0 = [0;0;0];

184

185 % Assigning omega

186 Omega = 1/2*(omega_1 + omega_2);

187

188 % Forcing vector

189 P = [0;cos(Omega*t);0];

190

191 % Recalculating terms of the differential equation

192
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193 term14 = phi_1'*P;

194 term24 = phi_2'*P;

195 term34 = phi_3'*P;

196

197 % Printing modal coordinates

198 disp('===================================================================')

199 disp('Part B - Modal EOMs')

200 disp('===================================================================')

201 fprintf('First uncoupled differential equation: \n')

202 fprintf('%1.3f q'''' + %1.3f q'' + %2.2f q = %1.3f*cos(Omega*t) \n\n',...

203 term11,term12,term13,phi_1'*[0;1;0]);

204 fprintf('Second uncoupled differential equation: \n')

205 fprintf('%1.3f q'''' + %1.3f q'' + %2.2f q = %1.3f*cos(Omega*t) \n\n',...

206 term21,term22,term23,phi_2'*[0;1;0]);

207 fprintf('Third uncoupled differential equation: \n')

208 fprintf('%1.3f q'''' + %1.3f q'' + %2.2f q = %1.3f*cos(Omega*t) \n\n',...

209 term31,term32,term33,phi_3'*[0;1;0]);

210

211 % Initial displacements

212 q1_0 = 1/GM(1,1)*phi_1'*M*u_0;

213 q2_0 = 1/GM(2,2)*phi_2'*M*u_0;

214 q3_0 = 1/GM(3,3)*phi_3'*M*u_0;

215

216 % Initial velocities

217 q1dot_0 = 1/GM(1,1)*phi_1'*M*v_0;

218 q2dot_0 = 1/GM(2,2)*phi_2'*M*v_0;

219 q3dot_0 = 1/GM(3,3)*phi_3'*M*v_0;

220

221 % Solving differential equations

222 Q1 = vpa(simple(dsolve(term11*D2q1 + term12*Dq1 + term13*q1 == term14,...

223 q1(0)==q1_0,Dq1(0)==q1dot_0)),4);

224

225 Q2 = vpa(simple(dsolve(term21*D2q2 + term22*Dq2 + term23*q2 == term24,...

226 q2(0)==q2_0,Dq2(0)==q2dot_0)),4);

227

228 Q3 = vpa(simple(dsolve(term31*D2q3 + term32*Dq3 + term33*q3 == term34,...

229 q3(0)==q3_0,Dq3(0)==q3dot_0)),4);

230

231 % Substituting time vector

232 t_span = linspace(0,t_final,nPoints);

233

234 % Transforming from modal back to spatial coordinates

235 U = vpa(Phi*[Q1; Q2; Q3],4);

236 disp('===================================================================')

237 disp('Solution for Part B')

238 disp('===================================================================')

239 disp('u_1(t) = ')

240 disp(vpa(simplify(U(1)),4))

241 disp('u_2(t) = ')
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242 disp(vpa(simplify(U(2)),4))

243 disp('u_3(t) = ')

244 disp(vpa(simplify(U(3)),4))

245 u_1 = subs(U(1),t,t_span);

246 u_2 = subs(U(2),t,t_span);

247 u_3 = subs(U(3),t,t_span);

248

249 % Plotting response

250 figure('Position',[1060 40 530 775])

251

252 % Plot for first degree of freedom

253 subplot(3,1,1)

254 plot(t_span,u_1,'LineWidth',1.5)

255 xlabel('$t$ [sec]','FontSize',11)

256 ylabel('$u_1(t)$ [m]','FontSize',11)

257 set(gca,'XLim',[0 10])

258

259 % Plot for second degree of freedom

260 subplot(3,1,2)

261 plot(t_span,u_2,'LineWidth',1.5)

262 xlabel('$t$ [sec]','FontSize',11)

263 ylabel('$u_2(t)$ [m]','FontSize',11)

264 set(gca,'XLim',[0 10])

265

266 % Plot for third degree of freedom

267 subplot(3,1,3)

268 plot(t_span,u_3,'LineWidth',1.5)

269 xlabel('$t$ [sec]','FontSize',11)

270 ylabel('$u_3(t)$ [m]','FontSize',11)

271 set(gca,'XLim',[0 10])

272

273 % Saving plot

274 set(gcf,'PaperPositionMode','auto')

275 print(gcf, '-depsc', [ImgPath,'FinalProb4b.eps'])

276

277 %--------------------------------------------------------------------------

278 % Finding the frequency response function

279 %--------------------------------------------------------------------------

280

281 Omega_final = 50;

282 Omega = linspace(0,Omega_final,nPoints);

283

284 % Setting number of degrees of freedom

285 N = 3;

286

287 % Preallocating

288 r = zeros(N,nPoints);

289 alpha = r;

290 H_12 = zeros(1,nPoints);
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291 H_22 = H_12;

292 H_32 = H_12;

293

294 % Calculating r and phase

295 for n = 1:N

296 r(n,:) = Omega/sqrt(Lambda(n));

297 alpha(n,:) = atan2(-2*zeta(n)*r(n,:),(1 - r(n,:).ˆ2));

298 end

299

300 % Calculating numerical value for FRF

301 for n = 1:N

302 H_12 = H_12 + Phi(1,n)*Phi(1,n)/GK(n,n)*1./((1 - r(n,:).ˆ2) + ...

303 1i*(2*zeta(n)*r(n,:)));

304 H_22 = H_22 + Phi(2,n)*Phi(2,n)/GK(n,n)*1./((1 - r(n,:).ˆ2) + ...

305 1i*(2*zeta(n)*r(n,:)));

306 H_32 = H_32 + Phi(3,n)*Phi(3,n)/GK(n,n)*1./((1 - r(n,:).ˆ2) + ...

307 1i*(2*zeta(n)*r(n,:)));

308 end

309

310 % Output the FRF at DOF 2

311 disp('===================================================================')

312 disp('Frequency Response Function for DOF 2')

313 disp('===================================================================')

314 syms W

315

316 % Calculating symbolic FRF to output

317 H1 = Phi(2,1)*Phi(2,1)/GK(1,1)*1/(1 - Wˆ2/sqrt(Lambda(1))ˆ2 + ...

318 1i*(2*zeta(1)*W/sqrt(Lambda(1))));

319 H2 = Phi(2,2)*Phi(2,2)/GK(2,2)*1/(1 - Wˆ2/sqrt(Lambda(2))ˆ2 + ...

320 1i*(2*zeta(2)*W/sqrt(Lambda(2))));

321 H3 = Phi(2,3)*Phi(2,3)/GK(3,3)*1/(1 - Wˆ2/sqrt(Lambda(3))ˆ2 + ...

322 1i*(2*zeta(3)*W/sqrt(Lambda(3))));

323

324 % Outputting results

325 disp('N_1/D_1(W) = ')

326 vpa(H1,4)

327 disp('N_2/D_2(W) = ')

328 vpa(H2,4)

329 disp('N_3/D_3(W) = ')

330 vpa(H3,4)

331

332 % Plotting

333 figure('Position',[980 170 560 620])

334 subplot(2,1,1)

335 plot(r(2,:),abs(H_22),'-b','LineWidth',1.5)

336 set(gca,'YScale','log')

337 xlabel('$\Omega/\omega_2$ [rad/s]','FontSize',11)

338 ylabel('$|H_{22}(\Omega)|$','FontSize',11)

339
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340 subplot(2,1,2)

341 plot(r(2,:),180/pi*alpha(2,:),'-b','LineWidth',1.5)

342 xlabel('$\Omega/\omega_2$ [rad/s]','FontSize',11)

343 ylabel('Phase angle $\alpha$ [deg]')

344

345 % Saving plot

346 set(gcf,'PaperPositionMode','auto')

347 print(gcf, '-depsc', [ImgPath,'FinalProb4bFRF.eps'])

348

349 %% Part C - using fft to find U_1(Omega)

350

351 % Determining time step

352 Deltat = t_span(2) - t_span(1);

353

354 % Sampling frequency

355 f_s = 1/Deltat;

356

357 % Frequency resolution

358 Deltaf = 1/t_final;

359

360 % Number of samples

361 u_1 = keepu_1;

362 nfft = pow2(nextpow2(length(u_1)));

363

364 % Taking the fft

365 U_1 = fft(u_1,nfft);

366 F_1 = (0:nfft-1)*f_s/nfft;

367 p_1 = U_1.*conj(U_1)/nfft;

368

369 % Phase angle

370 phase = unwrap(angle(U_1));

371

372 % Creating the CO-QUAD plot

373 figure('Position',[935 300 560 300])

374 plot(F_1,real(U_1),'-k',F_1,imag(U_1),'-b','LineWidth',1.5)

375 xlabel('f [Hz]','FontSize',11)

376 set(gca,'YScale','log')

377 lh = legend('Real','Imaginary');

378 set(lh,'FontSize',11)

379

380 % Saving plot

381 set(gcf,'PaperPositionMode','auto')

382 print(gcf, '-depsc', [ImgPath,'FinalProb4cCOQUAD.eps'])

383

384 % Creating Nyquist plot

385 figure('Position',[1150 80 430 360])

386 plot(real(U_1),imag(U_1),'LineWidth',1.5)

387 xlabel('$\Re$','FontSize',11)

388 ylabel('$\Im$','FontSize',11)
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389

390 % Saving plot

391 set(gcf,'PaperPositionMode','auto')

392 print(gcf, '-depsc', [ImgPath,'FinalProb4cNyquist.eps'])

393

394 %% Part E - Finding the amplitude of the response at Omega

395

396 % Inputs

397 Omega = (omega_1 + omega_2)/2;

398

399 % Interpolating from previously calculated H values to find amplitude

400 U1 = interp1(r(1,:),abs(H_12),Omega/omega_1);

401 U2 = interp1(r(2,:),abs(H_22),Omega/omega_2);

402 U3 = interp1(r(3,:),abs(H_32),Omega/omega_3);

403

404 % Outputting results

405 fprintf('At Omega = %2.2f rad/s, |U| = %f, %f, %f\n\n',Omega,U1,U2,U3)

Final Exam Mathematica code

To expedite the problem solving process, some of the symbolic calculations
were accomplished using Wolfram Mathematica. The files are below.
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Problem 1

Part B
Clearing variables

In[17]:= ClearAll@"Global`*"D

Definining the EOM

de = m * u''@tD + c * u'@tD + k * u@tD � P0

k u@tD + c u¢@tD + m u¢¢@tD � P0

Taking the Laplace Transform

LP = LaplaceTransform@de, t, sD
k LaplaceTransform@u@tD, t, sD + c Hs LaplaceTransform@u@tD, t, sD - u@0DL +

m Is2 LaplaceTransform@u@tD, t, sD - s u@0D - u¢@0DM � P0

s

k LaplaceTransform@u@tD, t, sD + c Hs LaplaceTransform@u@tD, t, sD - u@0DL +
m Is2 LaplaceTransform@u@tD, t, sD - s u@0D - u¢@0DM � P0

s

k LaplaceTransform@u@tD, t, sD + c Hs LaplaceTransform@u@tD, t, sD - u@0DL +
m Is2 LaplaceTransform@u@tD, t, sD - s u@0D - u¢@0DM � P0

s

Solving for U(s)

U = Solve@LP, LaplaceTransform@u@tD, t, sDD

::LaplaceTransform@u@tD, t, sD ® P0 + c s u@0D + m s2 u@0D + m s u¢@0D
s Ik + c s + m s2M >>

Assigning zero initial conditions

UU = U@@1DD �. u@0D ® 0

:LaplaceTransform@u@tD, t, sD ® P0 + m s u
¢@0D

s Ik + c s + m s2M>

UUU = UU@@1DD �. u'@0D ® 0

LaplaceTransform@u@tD, t, sD ® P0

s Ik + c s + m s2M
Manipulating
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U1 = UUU �. c ® 2 * Ζ * Ωn * m

LaplaceTransform@u@tD, t, sD ® P0

s Ik + m s2 + 2 m s Ζ ΩnM

U2 = U1 �. m ® k � Ωn^2
LaplaceTransform@u@tD, t, sD ® P0

s Jk + k s2

Ωn
2
+

2 k s Ζ

Ωn
N

Factoring out P_0/k

U3 = FactorTerms@U2, P0 � kD
LaplaceTransform@u@tD, t, sD ® P0

s Jk + k s2

Ωn
2
+

2 k s Ζ

Ωn
N

U4 = Apart@U3D
LaplaceTransform@u@tD, t, sD ® P0

k s
+

-s P0 - 2 Ζ P0 Ωn

k Is2 + 2 s Ζ Ωn + Ωn2M
Taking the inverse Laplace transform

u1 = InverseLaplaceTransform@U4, s, tD
u@tD ®
P0

k
-

1

2 k I-1 + Ζ2M Ωn2
P0 I-1 + Ζ2M Ωn2 -ã

t K-Ζ Ωn- H-1+Ζ2L Ωn2 O
Ζ Ωn + ã

t K-Ζ Ωn+ H-1+Ζ2L Ωn2 O
Ζ Ωn +

ã
t K-Ζ Ωn- H-1+Ζ2L Ωn2 O I-1 + Ζ2M Ωn2 + ãt K-Ζ Ωn+ H-1+Ζ2L Ωn2 O I-1 + Ζ2M Ωn2

Simplify using zeta < 1

u2 = Refine@u1, Ζ < 1 && Ζ > 0D
u@tD ®
P0

k
-

1

2 k I-1 + Ζ2M Ωn2
1 - Ζ2 P0 -Ωn

2 -ã
t -Ζ Ωn- 1-Ζ2 -Ωn

2

Ζ Ωn + ã
t -Ζ Ωn+ 1-Ζ2 -Ωn

2

Ζ Ωn +

ã
t -Ζ Ωn- 1-Ζ2 -Ωn

2

1 - Ζ2 -Ωn
2 + ã

t -Ζ Ωn+ 1-Ζ2 -Ωn
2

1 - Ζ2 -Ωn
2

Simplifying using omega > 0

u3 = Refine@u2, Ωn > 0D

u@tD ® P0

k
-

1

2 k I-1 + Ζ2M Ωn
ä 1 - Ζ2 P0 -ã

t -Ζ Ωn-ä 1-Ζ2 Ωn
Ζ Ωn + ã

t -Ζ Ωn+ä 1-Ζ2 Ωn
Ζ Ωn +

ä ã
t -Ζ Ωn-ä 1-Ζ2 Ωn

1 - Ζ2 Ωn + ä ã
t -Ζ Ωn+ä 1-Ζ2 Ωn

1 - Ζ2 Ωn
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Plugging in for omega_d

u4 = u3 �. Sqrt@1 - Ζ^2D * Ωn ® Ωd
u@tD ® P0

k
-

1

2 k I-1 + Ζ2M Ωn
ä 1 - Ζ2 P0

ä ã
t -Ζ Ωn-ä 1-Ζ2 Ωn

Ωd + ä ã
t -Ζ Ωn+ä 1-Ζ2 Ωn

Ωd - ã
t H-ä Ωd-Ζ ΩnL Ζ Ωn + ãt Hä Ωd-Ζ ΩnL Ζ Ωn

Attempt to express relationship in terms of trig functions

u5 = ExpToTrig@u4D
u@tD ® P0

k
-

1

2 k I-1 + Ζ2M Ωn
ä 1 - Ζ2 P0 Kä CoshBt Ζ Ωn - ä t 1 - Ζ2 ΩnF Ωd + ä CoshBt Ζ Ωn + ä t 1 - Ζ2 ΩnF Ωd -

ä SinhBt Ζ Ωn - ä t 1 - Ζ2 ΩnF Ωd - ä SinhBt Ζ Ωn + ä t 1 - Ζ2 ΩnF Ωd -
Ζ Cos@t Ωd - ä t Ζ ΩnD Ωn + Ζ Cos@t Ωd + ä t Ζ ΩnD Ωn +
ä Ζ Sin@t Ωd - ä t Ζ ΩnD Ωn + ä Ζ Sin@t Ωd + ä t Ζ ΩnD ΩnO

u6 = FullSimplify@u5D
u@tD ® 1

k I-1 + Ζ2M Ωn
ã-t Ζ Ωn P0 Kãt Ζ Ωn I-1 + Ζ2M Ωn + 1 - Ζ2 KCosBt 1 - Ζ2 ΩnF Ωd + Ζ Sin@t ΩdD ΩnOO

u7@t_D = u6

u@tD ®
1

k I-1 + Ζ2M Ωn
ã-t Ζ Ωn P0 Kãt Ζ Ωn I-1 + Ζ2M Ωn + 1 - Ζ2 KCosBt 1 - Ζ2 ΩnF Ωd + Ζ Sin@t ΩdD ΩnOO

Determining if this form is equal to book form

ubook1 = P0 � k * H1 - Exp@-Ζ * Ωn * tD * HCos@Ωd * tD + Ζ * Ωn � Ωd * Sin@Ωd * tDLL
P0 J1 - ã-t Ζ Ωn JCos@t ΩdD + Ζ Sin@t ΩdD Ωn

Ωd
NN

k

Testing equality by assigning values and plotting

P0 = 10;

Ζ = 0.15;

Ωn = Sqrt@5D;
k = 50;

Ωd = Ωn * Sqrt@1 - Ζ^2D;
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Creating plots

PlotB:Evaluate@ubook1D, EvaluateB1
k
10 1 - ã- 5 t Ζ Cos@2.2107690969434146` tD -

1

1 - Ζ2
ã
- 5 t Ζ

Ζ Sin@2.2107690969434146` tD F>, 8t, 0, 10<,

Axes ® True, AxesLabel ® 8t , u<, PlotStyle ® 8Orange, Dashed, Thick<,
PlotLegends ® AutomaticF

2 4 6 8 10

t

0.05

0.10

0.15

0.20

0.25

0.30

u

1

2

Part C
In this part, we are required to solve for the solution of an underdamped SDOF system subjected to a 

Sine input using the Laplace transform method.  Assume zero initial conditions.

de = m * u''@tD + c * u'@tD + k * u@tD � Ps Sin@Ws * tD
k u@tD + c u¢@tD + m u¢¢@tD � Sin@t WsD Ps
Taking the Laplace transform

lt = LaplaceTransform@de, t, sD
k LaplaceTransform@u@tD, t, sD + c Hs LaplaceTransform@u@tD, t, sD - u@0DL +

m Is2 LaplaceTransform@u@tD, t, sD - s u@0D - u¢@0DM � Ps Ws

s2 + Ws
2

Enforcing initial conditions
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U1 = lt �. u@0D ® 0

k LaplaceTransform@u@tD, t, sD + c s LaplaceTransform@u@tD, t, sD +
m Is2 LaplaceTransform@u@tD, t, sD - u¢@0DM � Ps Ws

s2 + Ws
2

U2 = U1 �. u'@0D ® 0

k LaplaceTransform@u@tD, t, sD +
c s LaplaceTransform@u@tD, t, sD + m s2 LaplaceTransform@u@tD, t, sD � Ps Ws

s2 + Ws
2

Solving for U(s)

U3 = Solve@U2, LaplaceTransform@u@tD, t, sDD
::LaplaceTransform@u@tD, t, sD ® Ps Ws

Ik + c s + m s2M Is2 + Ws2M
>>

U4 = U3@@1DD;
U5 = U4@@1DD;
Inserting relations for m, omega and zeta

U6 = U5 �. m ® k � Ωn^2
LaplaceTransform@u@tD, t, sD ® Ps Ws

Jk + c s + k s2

5
N Is2 + Ws2M
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In[1]:= ClearAll@"Global`*"D

Part C
In this part, we are required to solve for the solution of an underdamped SDOF system subjected to a 

Sine input using the Laplace transform method.  Assume zero initial conditions.

In[2]:= de = m * u''@tD + c * u'@tD + k * u@tD � Ps Sin@Ws * tD
Out[2]= k u@tD + c u¢@tD + m u¢¢@tD � Sin@t WsD Ps

Taking the Laplace transform

In[3]:=

In[4]:= lt = LaplaceTransform@de, t, sD
Out[4]= k LaplaceTransform@u@tD, t, sD + c Hs LaplaceTransform@u@tD, t, sD - u@0DL +

m Is2 LaplaceTransform@u@tD, t, sD - s u@0D - u¢@0DM � Ps Ws

s2 + Ws
2

Enforcing initial conditions

In[5]:= U1 = lt �. u@0D ® 0

Out[5]= k LaplaceTransform@u@tD, t, sD + c s LaplaceTransform@u@tD, t, sD +
m Is2 LaplaceTransform@u@tD, t, sD - u¢@0DM � Ps Ws

s2 + Ws
2

In[6]:= U2 = U1 �. u'@0D ® 0

Out[6]= k LaplaceTransform@u@tD, t, sD +
c s LaplaceTransform@u@tD, t, sD + m s2 LaplaceTransform@u@tD, t, sD � Ps Ws

s2 + Ws
2

Solving for U(s)

In[7]:= U3 = Solve@U2, LaplaceTransform@u@tD, t, sDD
Out[7]= ::LaplaceTransform@u@tD, t, sD ® Ps Ws

Ik + c s + m s2M Is2 + Ws2M
>>

In[8]:=

In[9]:= U3 = Flatten@U3D;
Inserting relations for m, omega and zeta

In[10]:= U6 = U5 �. c ® 2 * Ζ * Ωn * m

Out[10]= U5

In[11]:= U7 = U6 �. m ® k � Ωn^2
Out[11]= U5
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Expanding 

In[12]:= U8 = Apart@U7D
Out[12]= U5

Attempting inverse Laplace

In[13]:= U9 =
Ps Ωn

2 Ws

k Is2 + 2 s Ζ Ωn + Ωn2M Is2 + Ws2M

Out[13]=

Ps Ωn
2 Ws

k Is2 + 2 s Ζ Ωn + Ωn2M Is2 + Ws2M

In[14]:= U@s_D = Ps Ωn
2 Ws

k Is2 + 2 s Ζ Ωn + Ωn2M Is2 + Ws2M

Out[14]=

Ps Ωn
2 Ws

k Is2 + 2 s Ζ Ωn + Ωn2M Is2 + Ws2M

In[15]:= Us1 = Apart@U@sD, sD
Out[15]=

-2 s Ζ Ps Ωn
3 Ws + Ps Ωn

4 Ws - Ps Ωn
2 Ws

3

k Is2 + Ws2M IΩn4 - 2 Ωn2 Ws2 + 4 Ζ2 Ωn2 Ws2 + Ws4M
+ I2 s Ζ Ps Ωn3 Ws - Ps Ωn4 Ws + 4 Ζ2 Ps Ωn4 Ws + Ps Ωn2 Ws3M �

Ik Is2 + 2 s Ζ Ωn + Ωn2M IΩn4 - 2 Ωn2 Ws2 + 4 Ζ2 Ωn2 Ws2 + Ws4MM

In[16]:= Us2 = Refine@Us1, Ζ > 0 && Ζ < 1 && Ωn > 0D
Out[16]=

-2 s Ζ Ps Ωn
3 Ws + Ps Ωn

4 Ws - Ps Ωn
2 Ws

3

k Is2 + Ws2M IΩn4 - 2 Ωn2 Ws2 + 4 Ζ2 Ωn2 Ws2 + Ws4M
+ I2 s Ζ Ps Ωn3 Ws - Ps Ωn4 Ws + 4 Ζ2 Ps Ωn4 Ws + Ps Ωn2 Ws3M �

Ik Is2 + 2 s Ζ Ωn + Ωn2M IΩn4 - 2 Ωn2 Ws2 + 4 Ζ2 Ωn2 Ws2 + Ws4MM

In[17]:= Us3 = Refine@U@sD, Ωn > 0 && Ps > 0 && k > 0 && Ws > 0D
Out[17]=

Ps Ωn
2 Ws

k Is2 + 2 s Ζ Ωn + Ωn2M Is2 + Ws2M

In[18]:= ExpandAll@Us3D

Out[18]= IPs Ωn2 WsM � Ik s4 + 2 k s3 Ζ Ωn + k s2 Ωn2 + k s2 Ws2 + 2 k s Ζ Ωn Ws2 + k Ωn2 Ws2M

In[19]:= Apart@Out@17D, sD
Out[19]=

-2 s Ζ Ps Ωn
3 Ws + Ps Ωn

4 Ws - Ps Ωn
2 Ws

3

k Is2 + Ws2M IΩn4 - 2 Ωn2 Ws2 + 4 Ζ2 Ωn2 Ws2 + Ws4M
+ I2 s Ζ Ps Ωn3 Ws - Ps Ωn4 Ws + 4 Ζ2 Ps Ωn4 Ws + Ps Ωn2 Ws3M �

Ik Is2 + 2 s Ζ Ωn + Ωn2M IΩn4 - 2 Ωn2 Ws2 + 4 Ζ2 Ωn2 Ws2 + Ws4MM
Finding the poles

In[20]:= D10 = Denominator@Us3D
Out[20]= k Is2 + 2 s Ζ Ωn + Ωn2M Is2 + Ws2M
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In[21]:= D11 = Refine@D10, Ζ > 0 && Ζ < 1 && Ωn > 0D
Out[21]= k Is2 + 2 s Ζ Ωn + Ωn2M Is2 + Ws2M

In[22]:= D12 = Collect@D11, ΩnD
Out[22]= k s2 Is2 + Ws2M + 2 k s Ζ Ωn Is2 + Ws2M + k Ωn2 Is2 + Ws2M

-------------------------------------------------------

Inserting solution to Partial fractions problem

-------------------------------------------------------

In[23]:= L1 = D12@@1DD
Out[23]= k s2 Is2 + Ws2M

In[24]:= L1 = L1@@1DD
Out[24]= k

-------------------------------------------------------

Substituting omega_d

-------------------------------------------------------

In[25]:= L1 = L1 �. I * Sqrt@Ωn^2 - Ζ * Ωn^2D ® I * Ωd

Out[25]= k

-------------------------------------------------------

Poles

-------------------------------------------------------

In[26]:= Lam1 = 0;

In[27]:= Lam2 = -Ζ * Ωn - I * Ωd

Out[27]= -ä Ωd - Ζ Ωn

In[28]:= Lam3 = -Ζ * Ωn + I * Ωd

Out[28]= ä Ωd - Ζ Ωn

-------------------------------------------------------

Simplifying derived solution

-------------------------------------------------------

In[29]:= A1 = Ωn^2 * Ws * Ps � k � H2 * I * Ωd * HHΖ * Ωn + I * ΩdL^2 + Ws^2LL
Out[29]= -

ä Ps Ωn
2 Ws

2 k Ωd IHä Ωd + Ζ ΩnL2 + Ws2M

In[30]:= B1 = Ωn^2 * Ws * Ps � k � H-2 * I * Ωd * HHΖ * Ωn - I * ΩdL^2 + Ws^2LL
Out[30]=

ä Ps Ωn
2 Ws

2 k Ωd IH-ä Ωd + Ζ ΩnL2 + Ws2M
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In[31]:= C1 = Ωn^2 * Ws * Ps � k � H-2 * I * Ws * HH-I * Ws - Ζ * ΩnL^2 + Ωd^2LL
Out[31]=

ä Ps Ωn
2

2 k IΩd2 + H-Ζ Ωn - ä WsL2M

In[32]:= D1 = Ωn^2 * Ws * Ps � k � H2 * I * Ws * HHI * Ws - Ζ * ΩnL^2 + Ωd^2LL
Out[32]= -

ä Ps Ωn
2

2 k IΩd2 + H-Ζ Ωn + ä WsL2M

In[33]:=

u@t_D = A1 * Exp@HΖ * Ωn + I * ΩdL * tD +
B1 * Exp@HΖ * Ωn - I * ΩdL * tD + C1 * Exp@-I * Ws * tD + D1 * Exp@I * Ws * tD

Out[33]=

ä ã-ä t Ws Ps Ωn
2

2 k IΩd2 + H-Ζ Ωn - ä WsL2M
-

ä ãä t Ws Ps Ωn
2

2 k IΩd2 + H-Ζ Ωn + ä WsL2M
+

ä ãt H-ä Ωd+Ζ ΩnL Ps Ωn2 Ws
2 k Ωd IH-ä Ωd + Ζ ΩnL2 + Ws2M

-
ä ãt Hä Ωd+Ζ ΩnL Ps Ωn2 Ws

2 k Ωd IHä Ωd + Ζ ΩnL2 + Ws2M

In[34]:= ExpToTrig@%D
Out[34]=

ä HCos@t WsD - ä Sin@t WsDL Ps Ωn2
2 k IΩd2 + H-Ζ Ωn - ä WsL2M

-
ä HCos@t WsD + ä Sin@t WsDL Ps Ωn2

2 k IΩd2 + H-Ζ Ωn + ä WsL2M
+

Iä HCos@t Ωd + ä t Ζ ΩnD - ä Sin@t Ωd + ä t Ζ ΩnDL Ps Ωn2 WsM � I2 k Ωd IH-ä Ωd + Ζ ΩnL2 + Ws2MM -
Iä HCos@t Ωd - ä t Ζ ΩnD + ä Sin@t Ωd - ä t Ζ ΩnDL Ps Ωn2 WsM � I2 k Ωd IHä Ωd + Ζ ΩnL2 + Ws2MM

In[35]:= FullSimplify@%D

Out[35]= -
1

2 k
ä Ps Ωn

2
ãä t Ws

Ωd
2 + HΖ Ωn - ä WsL2

-
ã-ä t Ws

Ωd
2 + HΖ Ωn + ä WsL2

+

1

Ωd

ã-ä t Ωd+t Ζ Ωn Ws
1

HΩd + ä Ζ ΩnL2 - Ws2
+

ã2 ä t Ωd

Hä Ωd + Ζ ΩnL2 + Ws2

In[50]:= H*m = 50;*L
In[36]:= H*Ζ = 0.1;*L
In[37]:= H*Ωn = Sqrt@k�mD;*L
In[38]:= H*k = 10;*L
In[39]:= H*Ps = 10;*L
In[40]:= H*Ωd= Ωn*Sqrt@1 - Ζ^2D;*L
In[41]:= H*Ws = 1;*L
In[42]:= H*c= 2*Ζ*Ωn*m;*L
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In[43]:= ExpToTrig@u@tDD �� Simplify
Out[43]=

1

2 k
ä Ps Ωn

2 -
Cos@t WsD + ä Sin@t WsD
Ωd
2 + HΖ Ωn - ä WsL2

+
Cos@t WsD - ä Sin@t WsD
Ωd
2 + HΖ Ωn + ä WsL2

+

HHCos@t HΩd + ä Ζ ΩnLD - ä Sin@t HΩd + ä Ζ ΩnLDL WsL � IΩd IH-ä Ωd + Ζ ΩnL2 + Ws2MM -
HHCos@t HΩd - ä Ζ ΩnLD + ä Sin@t HΩd - ä Ζ ΩnLDL WsL � IΩd IHä Ωd + Ζ ΩnL2 + Ws2MM

In[44]:= X = Ps � k � Sqrt@H1 - HWs � ΩnL^2L^2 + H2 * Ζ * Ws � ΩnL^2D ;
In[45]:= Α = ArcTan@-c * Ws � Hk - m * Ws^2LD;
In[46]:= Bb = -X * Sin@-ΑD;
In[47]:= Ab = Ζ * Ωn * Bb � Ωd - Ws � Ωd * X * Cos@-ΑD;
In[48]:= u2@t_D = Exp@-Ζ * Ωn * tD * HAb * Sin@Ωd * tD + Bb * Cos@Ωd * tDL + X * Sin@Ws * t - ΑD;
In[49]:= H*Plot@8u@tD,u2@tD<,8t,0,10<D*L
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Problem 1 Part D

Defining ode

In[36]:= ClearAll@"Global`*"D
In[37]:= de = m * u''@tD + c * u'@tD + k * u@tD � Pco Cos@Wco * tD

Out[37]= k u@tD + c u¢@tD + m u¢¢@tD � Cos@t WcoD Pco

Taking the Laplace transform

In[38]:= lt = LaplaceTransform@de, t, sD
Out[38]= k LaplaceTransform@u@tD, t, sD + c Hs LaplaceTransform@u@tD, t, sD - u@0DL +

m Is2 LaplaceTransform@u@tD, t, sD - s u@0D - u¢@0DM � s Pco

s2 + Wco
2

Applying initial conditions

In[39]:= U1 = lt �. u@0D ® 0

Out[39]= k LaplaceTransform@u@tD, t, sD + c s LaplaceTransform@u@tD, t, sD +
m Is2 LaplaceTransform@u@tD, t, sD - u¢@0DM � s Pco

s2 + Wco
2

In[40]:= U2 = U1 �. u'@0D ® 0

Out[40]= k LaplaceTransform@u@tD, t, sD +
c s LaplaceTransform@u@tD, t, sD + m s2 LaplaceTransform@u@tD, t, sD � s Pco

s2 + Wco
2

Solving for U(s)

In[41]:= U3 = Solve@U2, LaplaceTransform@u@tD, t, sDD �� Flatten

Out[41]= :LaplaceTransform@u@tD, t, sD ® s Pco

Ik + c s + m s2M Is2 + Wco2 M
>

Inserting relations for m, Ζ, Ωn and Ωd

In[42]:= U4 = U3 �. c ® 2 * Ζ * Ωn * m

Out[42]= :LaplaceTransform@u@tD, t, sD ® s Pco

Ik + m s2 + 2 m s Ζ ΩnM Is2 + Wco2 M
>
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In[43]:= U5 = U4 �. m ® k � Ωn^2
Out[43]= :LaplaceTransform@u@tD, t, sD ® s Pco

Jk + k s2

Ωn
2
+

2 k s Ζ

Ωn
N Is2 + Wco2 M

>

Expanding

In[44]:= U6 = Apart@U5D
Out[44]= :LaplaceTransform@u@tD, t, sD ® s Pco Ωn

2

k Is2 + 2 s Ζ Ωn + Ωn2M Is2 + Wco2 M
>

In[51]:= U7 = ApartSquareFree@U6, sD
Out[51]= :LaplaceTransform@u@tD, t, sD ®

I-s Pco Ωn4 - 2 Ζ Pco Ωn5 + s Pco Ωn2 Wco2 M � Ik Is2 + 2 s Ζ Ωn + Ωn2M IΩn4 - 2 Ωn2 Wco2 + 4 Ζ2 Ωn2 Wco2 + Wco4 MM +
s Pco Ωn

4 - s Pco Ωn
2 Wco

2 + 2 Ζ Pco Ωn
3 Wco

2

k Is2 + Wco2 M IΩn4 - 2 Ωn2 Wco2 + 4 Ζ2 Ωn2 Wco2 + Wco4 M
>

Taking inverse Laplace transform

In[53]:= u1 = InverseLaplaceTransform@U7, s, tD �� FullSimplify

Out[53]= :u@tD ® ã
-t KΖ Ωn+ H-1+Ζ2L Ωn2 O

Pco Ωn

Ζ Ωn
2 I-1 + Ζ2M Ωn2 - ã2 t H-1+Ζ2L Ωn2 Ζ Ωn2 I-1 + Ζ2M Ωn2 + Ζ I-1 + Ζ2M Ωn2 Wco2 -

ã2 t H-1+Ζ2L Ωn2 Ζ I-1 + Ζ2M Ωn2 Wco2 - 1 + ã2 t H-1+Ζ2L Ωn2 I-1 + Ζ2M Ωn IΩn2 - Wco2 M +

2 ã
t KΖ Ωn+ H-1+Ζ2L Ωn2 O I-1 + Ζ2M Ωn I2 Ζ Sin@t WcoD Ωn Wco + Cos@t WcoD IΩn2 - Wco2 MM �

I2 k I-1 + Ζ2M IΩn4 + 2 I-1 + 2 Ζ2M Ωn2 Wco2 + Wco4 MM>

Using assumptions 0 < Ζ < 1 and Ωn > 0

In[55]:= u2 = Refine@u1, Ζ > 0 && Ζ < 1 && Ωn > 0D �� FullSimplify

Out[55]= :u@tD ® ã
-t Ζ+ä 1-Ζ2 Ωn

Pco Ωn
2 ä Ζ 1 - Ζ2 Ωn

2 - ä ã2 ä t 1-Ζ2 Ωn Ζ 1 - Ζ2 Ωn
2 + ä Ζ 1 - Ζ2 Wco

2 -

ä ã2 ä t 1-Ζ2 Ωn Ζ 1 - Ζ2 Wco
2 - 1 + ã2 ä t 1-Ζ2 Ωn I-1 + Ζ2M IΩn2 - Wco2 M +

2 ã
t Ζ+ä 1-Ζ2 Ωn I-1 + Ζ2M I2 Ζ Sin@t WcoD Ωn Wco + Cos@t WcoD IΩn2 - Wco2 MM �

I2 k I-1 + Ζ2M IΩn4 + 2 I-1 + 2 Ζ2M Ωn2 Wco2 + Wco4 MM>
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In[56]:= u3 = u2 �. Sqrt@1 - Ζ^2D * Ωn ® Ωd �� FullSimplify

Out[56]= :u@tD ® ã
-t Ζ+ä 1-Ζ2 Ωn

Pco Ωn
2 ä Ζ 1 - Ζ2 Ωn

2 - ä ã2 ä t Ωd Ζ 1 - Ζ2 Ωn
2 +

ä Ζ 1 - Ζ2 Wco
2 - ä ã2 ä t Ωd Ζ 1 - Ζ2 Wco

2 - I1 + ã2 ä t ΩdM I-1 + Ζ2M IΩn2 - Wco2 M +

2 ã
t Ζ+ä 1-Ζ2 Ωn I-1 + Ζ2M I2 Ζ Sin@t WcoD Ωn Wco + Cos@t WcoD IΩn2 - Wco2 MM �

I2 k I-1 + Ζ2M IΩn4 + 2 I-1 + 2 Ζ2M Ωn2 Wco2 + Wco4 MM>

In[59]:= u4 = ExpToTrig@u3D �� FullSimplify

Out[59]= :u@tD ® ã
-t Ζ+ä 1-Ζ2 Ωn

Pco Ωn
2

ãä t Ωd Ζ 1 - Ζ2 Sin@t ΩdD Ωn2 + ãä t Ωd Ζ 1 - Ζ2 Sin@t ΩdD Wco2 -
1

2
I1 + ã2 ä t ΩdM I-1 + Ζ2M

IΩn2 - Wco2 M + ãt Ζ+ä 1-Ζ2 Ωn I-1 + Ζ2M I2 Ζ Sin@t WcoD Ωn Wco + Cos@t WcoD IΩn2 - Wco2 MM �

Ik I-1 + Ζ2M IΩn4 + 2 I-1 + 2 Ζ2M Ωn2 Wco2 + Wco4 MM>

In[60]:= u5 = u4 �. Sqrt@1 - Ζ^2D * Ωn ® Ωd
Out[60]= :u@tD ® ã

-t Ζ+ä 1-Ζ2 Ωn
Pco Ωn

2

ãä t Ωd Ζ 1 - Ζ2 Sin@t ΩdD Ωn2 + ãä t Ωd Ζ 1 - Ζ2 Sin@t ΩdD Wco2 -
1

2
I1 + ã2 ä t ΩdM I-1 + Ζ2M

IΩn2 - Wco2 M + ãt Ζ+ä 1-Ζ2 Ωn I-1 + Ζ2M I2 Ζ Sin@t WcoD Ωn Wco + Cos@t WcoD IΩn2 - Wco2 MM �

Ik I-1 + Ζ2M IΩn4 + 2 I-1 + 2 Ζ2M Ωn2 Wco2 + Wco4 MM>
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In[61]:= Apart@u5D

Out[61]= :u@tD ® - ã
-t Ζ+ä 1-Ζ2 Ωn

Pco Ωn
4

2 k IΩn4 - 2 Ωn2 Wco2 + 4 Ζ2 Ωn2 Wco2 + Wco4 M
+

Cos@t WcoD Pco Ωn4
k IΩn4 - 2 Ωn2 Wco2 + 4 Ζ2 Ωn2 Wco2 + Wco4 M

+

ã
ä t Ωd-t Ζ+ä 1-Ζ2 Ωn

Ζ 1 - Ζ2 Sin@t ΩdD Pco Ωn4
k I-1 + Ζ2M IΩn4 - 2 Ωn2 Wco2 + 4 Ζ2 Ωn2 Wco2 + Wco4 M

+
2 Ζ Sin@t WcoD Pco Ωn3 Wco

k IΩn4 - 2 Ωn2 Wco2 + 4 Ζ2 Ωn2 Wco2 + Wco4 M
+

ã
-t Ζ+ä 1-Ζ2 Ωn

Pco Ωn
2 Wco

2

2 k IΩn4 - 2 Ωn2 Wco2 + 4 Ζ2 Ωn2 Wco2 + Wco4 M
-

Cos@t WcoD Pco Ωn2 Wco2
k IΩn4 - 2 Ωn2 Wco2 + 4 Ζ2 Ωn2 Wco2 + Wco4 M

+

ã
ä t Ωd-t Ζ+ä 1-Ζ2 Ωn

Ζ 1 - Ζ2 Sin@t ΩdD Pco Ωn2 Wco2
k I-1 + Ζ2M IΩn4 - 2 Ωn2 Wco2 + 4 Ζ2 Ωn2 Wco2 + Wco4 M

-
ã
2 ä t Ωd-t Ζ+ä 1-Ζ2 Ωn

Pco Ωn
2 IΩn2 - Wco2 M

2 k IΩn4 - 2 Ωn2 Wco2 + 4 Ζ2 Ωn2 Wco2 + Wco4 M
>
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Problem 3 

Deriving equation for response of undamped sdof 

system to sinusoidal loading

EOM

de = m * u''@tD + k * u@tD == A * Sin@W * tD
k u@tD + m u¢¢@tD � A Sin@t WD

Solution

solution = DSolve@8de, u@0D � 0, u'@0D � 0<, u@tD, tD �� Flatten �� FullSimplify

:u@tD ®
A -

m W SinB k t

m

F

k

+ Sin@t WD

k - m W2
>

Simplifying

sol2 = solution �. m ® k � Ωn^2 �� FullSimplify
:u@tD ® A Ωn H-W Sin@t ΩnD + Sin@t WD ΩnL

k I-W2 + Ωn2M
>

Integrating to find bn 

Inputting terms to integrate

f1 := 4 * P0 � T0 * t;
f2 := H-4 * P0 � T0 * t + 2 * P0L;
f3 := 4 * P0 � T0 * t - 4 * P0;

sTerm := Sin@2 * n * Pi * t � T0D;
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Integrating

b = Integrate@ f1 * sTerm, 8t, 0, T0 � 4<D + Integrate@f2 * sTerm, 8t, T0 � 4, 3 * T0 � 4<D +
Integrate@f3 * sTerm, 8t, 3 * T0 � 4, T0<D �� FullSimplify

I2 SinA n Π
2
E - 2 SinA 3 n Π

2
E + Sin@2 n ΠDM P0 T0

n2 Π2

â
n=1

¥ I2 SinA n Π
2
E - 2 SinA 3 n Π

2
E + Sin@2 n ΠDM P0 T0

n2 Π2
�

4 Catalan P0 T0

Π2
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Problem 4

First interval

H*m = 2;*L
H*k = 32;*L
H*T0 = 2;*L
H*T1= T0�4;*L
H*P0=64;*L
H*Ωn= Sqrt@k�mD;*L
u1 = Integrate@P0 � Hm * Ωn * T1L * Τ * Sin@Ωn * Ht - ΤLD, 8Τ, 0, t<D �� FullSimplify
P0 H-Sin@t ΩnD + t ΩnL

m T1 Ωn
3

H*Plot@u1,8t,0,T1<D*L

Second interval

u2 = Integrate@P0 � Hm * Ωn * T1L * Τ * Sin@Ωn * Ht - ΤLD, 8Τ, 0, T1<D + Integrate@
1 � Hm * ΩnL * H-P0 � T1 * Τ + 2 * P0L * Sin@Ωn * Ht - ΤLD, 8Τ, T1, t<D �� FullSimplify

-
P0 HSin@t ΩnD - 2 Sin@Ht - T1L ΩnD + Ht - 2 T1L ΩnL

m T1 Ωn
3

H*Plot@Piecewise@88u1,t<T1<,8u2,t>T1<<D,8t,0,3*T1<D*L

Third interval

Integrate@P0 � Hm * Ωn * T1L * Τ * Sin@Ωn * Ht - ΤLD, 8Τ, 0, T1<D +
Integrate@1 � Hm * ΩnL * H-P0 � T1 * Τ + 2 * P0L * Sin@Ωn * Ht - ΤLD, 8Τ, T1, 3 * T1<D +
Integrate@1 � Hm * ΩnL * HP0 � T1 * Τ - 4 * P0L * Sin@Ωn * Ht - ΤLD,
8Τ, 3 * T1, t<D �� FullSimplify

-
P0 HSin@t ΩnD + 2 Sin@Ht - 3 T1L ΩnD - 2 Sin@Ht - T1L ΩnD - Ht - 4 T1L ΩnL

m T1 Ωn
3
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Problem 7

Inputs

In[219]:= ClearAll@"Global`*"D
In[220]:= m = 40.;

In[221]:= L = 10.;

In[222]:= k = 10000.;

In[223]:= k1 = 2 * k;

In[224]:= k2 = k;

In[225]:= a = L � 2;
In[226]:= b = a;

In[227]:= I0 = 1 � 12 * m * L^2;

Stiffness and Mass matrices

In[228]:= M = 88m, L * m � 2<, 8L * m � 2, L^2 * m � 3<<
Out[228]= 8840., 200.<, 8200., 1333.33<<
In[229]:= K = 88k1 + k2, L * k2<, 8L * k2, L^2 * k2<<

Out[229]= 9830000., 100000.<, 9100000., 1. ´ 106==

Finding eigenvectors and eigenvalues

In[230]:= L = Eigenvalues@Inverse@MD.KD
Out[230]= 82366.03, 633.975<
In[231]:= F = Eigenvectors@Inverse@MD.KD

Out[231]= 880.985329, -0.170664<, 80.985329, 0.170664<<
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Separating Eigenvalues and Eigenvectors

In[232]:= Λ1 = L@@2DD
Out[232]= 633.975

In[233]:= Λ2 = L@@1DD
Out[233]= 2366.03

In[234]:= Φ1 = F@@2, AllDD
Out[234]= 80.985329, 0.170664<
In[235]:= Φ2 = F@@1, AllDD

Out[235]= 80.985329, -0.170664<
In[236]:= Fx = 8x^0, x<

Out[236]= 81, x<
In[237]:= Ψ1 = Fx.Φ1

Out[237]= 0.985329 + 0.170664 x

In[244]:= Plot@Ψ1, 8x, 0, .25 * L<, PlotStyle ® Thickness@.005DD

Out[244]=

0.5 1.0 1.5 2.0 2.5

1.0

1.1

1.2

1.3

1.4

In[239]:= Ψ2 = Fx.Φ2

Out[239]= 0.985329 - 0.170664 x
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In[245]:= Plot@Ψ2, 8x, 0, L<, PlotStyle ® Thickness@.005DD

Out[245]=

2 4 6 8 10

-0.5

0.5

1.0

Solving for node

In[241]:= Xposition = Solve@Ψ2 � 0, xD �� Flatten
Out[241]= 8x ® 5.7735<
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