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Problem 1

Problem Statement

For an under-damped SDOF system (m, k, c), use the Laplace transform
method to derive solution to

(a). Initial conditions (ug, vo)

(b)

(c)

(d). Cosine input (P, cos2t, zero initial conditions)

. Step input (Pp, zero initial conditions)
. Sine input (Ps sin Q2 ¢, zero initial conditions)

Express your solution in terms of the given inputs and the usual system
parameters (wy, ¢, wq, etc.).

Solution
Part A

For the given system, the EOM is
mi + ct + ku = 0 (1)

Now, taking the Laplace transform of (1),

Llmi] = m(s*U(s) — su(0) —(0))
Llct] = c(sU(s) —u(0)) (2)
Llku] = kU(s)

Inserting (2) into (1) and noting that «(0) = ug and @(0) = v,

ms?U(s) — msug — muvg + esU(s) — cug + kU(s) = 0



Rearranging,
(ms® + cs + k) U(s) = msug + mug + cug
Dividing by both sides by m,

c c
(sQ—i——s—i-wnz) U(s) = sug + vp + — ug
m m

e/m = 2wy(,
(5% + 2wnC + wy ) U(s) = sug + vo + 2wy Cug
Solving for U(s),

_up(s + 2w,() V0
82 + 2w, C + wn2 s2 + 2wn( + wn2

U(s)

Taking the inverse Laplace transform to determine u(t),

u(t) = L7U(s)] = Y0 o=Cwnt iy wat+ug e~ @t <cos wqt + (122)1/2 sin wdt>

Wd
(3)
where the inverse Laplace transforms were found using the table in Appendix
C. Simplifying (3),

u(t) = e~Swnt (uo cos wgt + Yo+ Gwntio sin wdt) (4)
wq

where wg = wp\/1 — (2.

This result agrees perfectly with Eq. (3.30) from the textbook.

Part B

Find the response to a step input, Fp.

For the given system, the EOM is

mii + ci + ku = Py (5)



Now, taking the Laplace transform of (5),

cimi] = m (20(s) - subor™ o)

Lled] = c<sU(s) — ey 0>

(6)
Llku] = kU(s)
P
Lp) = =
s
Inserting (6) into (5) and simplifying,
P >
Uls) = 3 s e 7)

'k s(5% 4 2wpC + wp?)

Finding the poles of (7),
A =0, Xo=uwp (—g iyl g?) ,and o =w, (—g —i/1- g?)

Using Mathematica to perform partial fractions and simplify the resulting
expression,

B Pyes(—twn (ﬂ (wd cos (Wtwn) ~+ Cwy, sin (twd)) + (42 _ 1) wnethn>

u(t) = (€2 — 1) kwn,

Simplifying further using wy = wy, \/@ , we arrive at the same equation
that is in the book.

P n
u(t) = ?0 [1 — g Cwnt <cos wqt + wad sin wdt>:| (8)

The equation for a step response of an SDOF system from the textbook (Eq.
(5.5)) is

P
u(t) = ?0 {1 — e ownt (cos wqt + i:" sin wdt)]

To make sure the equations from Mathematica and the textbook were the
same, they were plotted against each other.
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Figure 1. Comparison between book equation and my solution
Part C
Find the response to a Sine input.
The EOM for the system is
mil + ct + ku = P, sin Qgt
Taking the Laplace transform,
PSQS
s2+ Q2

m (s*U(s) + su(0) +u(0)) + ¢ (sU(s) + u(0)) + kU(s) =

P,y

Applying zero initial conditions,
T2+ 02

ms>U(s) + csU(s) + kU (s)

PSQS

Solving for U(s),
(2 +Q2) (cs + k + ms?)

U(s) =
8



Finding the poles,
s ={iQs, —iQs, —Cwp—iwg, —Cwp+iwg}

Using a partial fraction decomposition,

A B ¢ D
U(s)_s—Cwn—iwd+S—Cwn+iwd+3+ms+3_ms Y
Where .
A = (S — Cwn - de) U(s)}s:Cwn-‘riwd
B = (S — Cwn + de) U(S)}S:Cwn—iwd
(10)
C = (s+iQ)U(s)|,__0.
D = (5 - ZQS) U(S)L’:ng
So that
WQQSPS/k
(2iwa) [(Cwn, + iwg)? + Q7]
CUQQSPS/k
B = - I X 2 2
(—2iwa)[(Cwn — iwa)” + ]
CUQQSPS/k
C = - = 2 2
(—2iQ)[(—i82s — Cwn)” + wy]
2
D w: QP /k

(2092 [(i2% — Cwn)? + w3
Taking the inverse Laplace transform of (9),

u(t) _ Ae((wn+iwd)t +Be((wnfiwd)t _’_Cefiﬂst +Deiﬂst

This equation does not match the book equation perfectly, but it should
give the same result.

Part D

The EOM for the system is



mu + cu + ku = P.cos .t
Taking the Laplace transform,

Pe
m (s*U(s) + su(0) + u(0)) + ¢ (sU(s) + u(0)) + kU(s) = (2287—{—52
Applying zero initial conditions,

9 sk
ms U(S) + CSU(S) + kU(S) = W
Solving for U(s),

sP,
(Q2 4 s2) (cs + k + ms?)

U(s) =

Inserting relations for w, and (,

sP,w?
U(s) = SRR Cyome 7 2
k(92 + s2) (2¢swy, + w2 + s?)
Expanding,
Uls) = —2(P.w? + sP.%w? — sP.wi

k (2¢swy + w2 + s2) (4¢C2Q2w2 — 2Q2w2 + Q2 + wi)

20 P.Q%w3 — sP.Q2w2 + sPw?
k(Q2 + s2) (4¢2Q2w2 — 2Q2w2 + Q2 + wi)

10



Taking the inverse Laplace transform, and simplifying

Wn,

2k (4¢2Q2w2 — 2Q2w2 + Q + wi)

(t) PC 2 (w% . QZ) 62itwd—(<+i\/1—c2)twn
u = —

C/1 — C2Pw sin (twy) eitwd_(ﬁi i=C)tn
(C2 = 1) k (46227 — 2Q%wi + ¢ + wp)

n ¢V/1 = P22 sin (twy) Pl <<+i\/@> twn
(62— 1) k (4020202 — 20202 + Qf + wf)

P.wie (CH v 1_<2) (=t)eon

2k (420202 — 202w + QF + wh)

P22 (CHIVI=E) (<
T Ok (4070202 — 20202 + O + )

N 2¢ P.Qcw? sin (19.)
k (4¢2Q2w2 — 20202 4+ Q4 + w?)

P.w? cos (t92.) P.Q2w2 cos (t92)

n

TR0 — 20202 + Ot wh) | k(400202 — 20202 1 O + i)

The symbolic computations were accomplished using Mathematica. This
form is not fully simplified, but the result should give the same answer as
the previously known solutions.

Problem 2

Problem Statement

For an undamped SDOF system, use Laplace transform method to derive
solution due to

11



(a). Sine resonant response (Pssinw,t) with zero initial conditions.

(b). Cosine resonant response (P, cosw,t) with zero initial conditions.
Solution

Part A

The EOM for the given system is
mii + ku = P sinwpt

Taking the Laplace transform of both sides,

0 0 P
m <32U(s) +W—i—yﬁ€6ﬁ + kU(s) = 2 1w:)2

Solving for U(s),

Psw
2 _ s Wn
P w,
U =
() (ms? +k)(s2 4+ w?)
Manipulating,
P w,
U pu—
() m(s? + w?2)(s? + w2)
PS n
U(s) = “

m (524 w2)?
Dividing the numerator and denominator by k,

_ Powl 1
ko (s24w?)?

U(s)

Taking the inverse Laplace transform,

u(t) = L7HU(s)}

_ Pyw? = 1
k (s2 + w?)?
Pouwd (1
e Skwn (2(’0% [Sln wnt — wnt COS Wnt]>

12



P,
u(t) = 272 (sinwpt — wpt cos wyt) (11)

This result matches previously derived results using the limiting process.

t [sec]

Figure 2. Plot of Eq. (11).

Part B

The EOM for the given system is
mi + ku = P.coswyt

Taking the Laplace transform of both sides,

0 0 P.s
2 . o [
m<s U(s)—i—w %@’)’j—i—kl)(s)—sQ s

Dividing by m,

P, s
2 2 c
U U(s) = —& ——>
s°U(s) +wnU(s) m s2 4+ w?
Solving for U(s),

P. s

T = e

Simplifying further by dividing the numerator and denominator by k,

2
wy, Pe s

Ue) == Grarp

13



Taking the inverse Laplace transform,

u(t) = L7{U(s)}
Ww2P. s
= 5 £ 1{(s2+w3)2}

_ w?LPC t sin wy,t
N k 2wn,

u(t) = % (wnt) sinwpt (12)

Again, the result in (12) matches known results perfectly (see Eq. (4.15)
from Craig).

Problem 3

Problem Statement

Find the response of a SDOF system with m = 2 kg, k = 32 N/m subject to
a saw tooth periodic input shown below. Also plot the solution, use enough
terms to convince yourself the solution has converged. Find the response at
t = 4 seconds.

(Hint: Express the periodic input as a Fourier series and then treat each
term in the series as a forcing function and use the formulas derive in Prob-
lem 1 to find solution to each term. The total solution is the sum of the
solution due to all terms.)

Solution

First, the triangular wave must be represented as a Fourier series. The
definition of a Fourier series is as follows. The Fourier series corresponding

14



to a function f(t) defined in the interval ¢ < ¢ < ¢+ 2L where ¢ and L > 0
are constants is defined as

nmnt
n bn,
+Z (a cos + sin — 7 >

1 C+2L n
anp = Z COS <L >

c+2L
()
L

Since the function is odd (i.e., f(—t) = —f(t))

where

ap=0 and a9p=0

Examining the Triangular wave, it is symmetric about the vertical and hori-
zontal axes. Because of this symmetry, it is only necessary to integrate over
a quarter of the period.

4P, To
t)=—1t for 0<t < —

Ty o 3Tq
1 4Pyt 2mnt 1 4Pyt . 2mnt
b, = —_— dt 2Py — —— — | dt
! /0 Ty Sm<T0> +/40 ( ’ T0>Sm<T0>
4Pyt 2mnt
— — 4P, dt
+/ (To o>s1n<T0>

Evaluating the integral,

POTO (2sin (%) — 2sin (322) + sin(27n))
n 2

n2

forn=1,3,5,...,sin(2mn) = 0. Also, sin (mn/2) = —sin (37n/2) =1, —1,
1 for n =1, 3, 5. Therefore, b, becomes

( AT\ P,
= ifn=1,5,09,
nem
by, = _42%50 ifn=3, 7, 11, ... (13)
nem
0 otherwise

15



So, the triangular function expressed as an infinite sum of sinusoids is given
by,

£(t) = i by sin (T) (14)

n=1
where b, is given by Eq. (13).

To make sure the derived Fourier series was correct, it was plotted with
MATLAB. The results are shown in Figure 3. The series was implemented
in MATLAB as follows:

for n = 1l:nTerms

% Sequence for odd numbers
k = 2%n-1;
fprintf ('k = %d\n', k)

o

% Logic structure to change sign of b_n term

if k == 4%counter - 3
b(n) = 4xP_0+T_0/ (pi~2%k"2);
counter = counter+l;
else
b(n) = —4*P_0+T_0/ (pi~2%k"~2);
end

o

% Summing terms
sum = sum + b (n)*sin(2+«kxpixt/T_0);

% Forcing frequency
Omega (n) = 2*kxpi/T_0;

end

16




t [sec]

Figure 3. Triangular wave from 5-term expansion given by Eq. (14).

Now, writing out the first five terms of Eq. (14), the forcing function is given

by

f(t) 4POT0 . 2wt 4POT0 . 67t + 4POT0 . 107t
~ sm | —— | — s | —— sm | ——
7T2 T() 97T2 T() 257‘(2 T(]

4PyTy . (14wt 4PyTy . (187t
49r? Sm( T ) 812 Sm( Ty >
(15)
Assigning each amplitude to A; for i = 1 to 5, and assigning €2; to the
interior terms of the sin functions, excluding time,

f(t) = AysinQit + Agsin Qot + Az sin Qst + Ay sin Q4 + As sin Qst

For the given system, the EOM is given by

N
mi + ku = ZAz sin ;t

=1

where N = 5, for this case. Using the previously derived solution of an

17



SDOF system to a sine input and setting ¢ = 0,

al A wn
Z y AR (wp, 8in Q;t — Q; sin wy,t) (16)

’L

MATLAB implementation:

for n = 1l:nTerms
% Equation for response
u = u + A(n)/kromega_n/(omega_n"2 - Omega(n) "2) ...

(omega_nxsin (Omega (n) xt) - Omega (n)xsin (omega_nxt));

end

10 T T T T

t [sec]

Figure 4. Response of undamped SDOF system to triangular wave loading.

Using the MATLAB function, interpl, to determine the displacement of the
system at £ = 4 by linear interpolation,

[u(4) ~ 1.08 m]

18



Problem 4

Problem Statement

Find the response of the system of Problem 3 to a saw-tooth pulse shown
below.

(a). Find the solution by Duhamel integral or any other analytical method.

(b). Plot the response for t < Ty. Also plot the response for this time
period using the solution of Problem 3.

(c). Find the response at ¢ = 10 seconds.
(d). Validate the analytical solution by ode45.
Solution

Part A

From Eq. (5.36) from the text, for zero initial conditions,

1
t) =
u(t) -

/ p(7) sin(wy, (t — 7)) dr
0

For the first interval, 0 < ¢ < Tj and

Py
p(T) = T T
The Duhamel integral becomes,
P t
u(t) = mw:T1 /o Tsin(wy(t — 7)) dr
Evaluating the integral,
P .
uy(t) = Wgﬂ (wpt — sinwy,t)
For the second interval, T <t < 371,
P(]T
=2P)— —
p(T) 0 T



So, the Duhamel integral becomes,

Pyt :
T pog ‘ t (2Py — 23T ) sin (wy(t — 7))
0 mTiwy T MW,

Evaluating the integral,

Py (wp, (t —2T1) — 2sin (wy, (t — T1)) + sin (twy,))

t) = —
u(t) mTiw3
For the third interval, 3T <t < 477,
Pyt
= — — 4P,
p(7) T 0

So, the Duhamel integral becomes,

T po _ 31, (2P0 - @) sin (wn(t — 7))
us(t) = / o7 sin (wy, (t — 7)) d7+/ Tr ir
0 mTiwy, ) mwn,

dr

" (&;_43)) sin (wp(t — 7))
o

ui! mwny,

Evaluating the integral,

Py (—wp, (t —4T1) — 2sin (wy, (t —T1)) + 2sin (wy, ( — 3T1)) + sin (twy,))

t) =—
’LL( ) mle%

For the last interval,

us(t) = /OTI Py7sin (wy(t — 7)) dr + /3T1 (2P — P%;) sin (wy, (t — 7)) .

mTiwy, T MWy,

dr

ATy (PL;' — 4P0> sin (wy, (t — 7))
+ /3 L

i mwny,

Evaluating the integral,

ua(t) = Py (2sin (wy, (t —T1)) — 2sin (wy, (t — 3T7)) + sin (wy, (t —4T7)) — sin (twy))

mTiw3

20



Part B

The responses as computed by Fourier series method, the Duhamel integral
method and the numerical method (ode45) are depicted below.

15 T T T
10
5
ERe
T 5
-10
Fourier Series w/ 5 terms
-15¢ Duhamel Integral
= = =ode45
_20 1 1 1
0 0.5 1 1.5 2

t [sec]

Figure 5. Comparison between solution methods with Fourier series expansion of 5
terms.

Because the 5-term Fourier series didn’t agree well with the numerical and
analytical solutions, the MATLAB program was generalized to allow for an
arbitrary number of terms. After some trial and error, a 16-term expansion
was chosen because of sufficient convergence.

21



Fourier Series w/ 16 terms
Duhamel Integral

Figure 7. Response of SDOF to triangular wave.
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Figure 6. Comparison between solution methods with Fourier series expansion of 16
terms.
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Part C

|u(10) = —0.6591 m

Part D

The previous solutions were validated by using MATLAB’s built-in ODE
solver, ode45. The EOM for the given system is

mi + ku = T(t) (17)

where T'(t) represents the triangular wave form. For this to be implemented
in MATLAB, this second order ODE must be reduced to a system of two
first order odes. This process is accomplished below:

Xy =1
Now, rewriting (17),
zh+wie, = —T(t)
Solving for z,
1
Th = - T(t) — wpz1 (18)

Eq. (18) is implemented in a MATLAB function as follows:

function dx = func (t, x)

dx = zeros(2,1);

dx (1) = x(2);

dx (2) = triangleWave (t)/m — omega_n"2*x(1);
end

To provide ode4b with the correct triangular wave input, a function was
written that created the correct loading for only the first period (see below
code).

23




function Twave = triangleWave (t)

)

% Preallocating Twave
Twave = zeros (l,numel (t));

% Setting up loop
for n = l:numel (t)

if t(n) <= T_0/4

Twave (n) = 4xP_0/T_0*t (n);
elseif t(n) > T_0/4 && t(n) <= 3%xT_0/4
Twave (n) = —-4xP_0/T_O0*t(n) + 2%P_0;
elseif t(n) > 3xT_0/4 && t(n) <= 5«T_0/4
Twave (n) = 4xP_0/T_O*t(n) — 4xP_0;
else
break
end
end
end
Problem 5

Problem Statement

For a 3-DOF system with the following data:

200  —100 0 4 0 0
K= |[-100 200 -100 and M= (0 1 0
0 —100 400 0 0 2

The system is proportionally damped with damping factors 0.1, 0.2, and
0.3, respectively for modes 1, 2, and 3.

(a). Find the analytical solution of the total response to the following initial

conditions:
0

0
u(0)=<0% and u(0)={1
0 0

24



(b). Find the steady-state solution of the system due to a unit sinusoidal
load applied at DOF 2.

). Plot U1(€2) using CO-QUAD and Nyquist plots.
(d). Plot Uy(€2) using Bode plots.

). Find amplitude of the responses at = (w1 + w2)/2.
(f). Check part (d) by direct solution.

Solution
Part A

The EOM of the system is

Mii + Cu + Ku = p(t) (19)

Given the mass and stiffness matrices, the eigenvectors and eigenvalues are
determined by solving the generalized eigenvalue problem.

K® = M®A
After finding the eigenvalues, the natural frequency of the r-th mode is given

by
Wr:\/yr

Next, the generalized mass and stiffness matrices are determined.
M =3 M
K=&"K®

The generalized damping matrix is given by
C=®&'C® = diag(2¢,w, M,)
Now, the equation of motion can be written in modal coordinates as

MG +Cq+Kq=&"p(t)

25



Since this is a 3-DOF system, we now have 3 uncoupled ODEs in modal
coordinates. The initial conditions must also be transformed for modal
coordinates as follows.

1

:
% Mu()

q-(0)

0r(0) = /\iﬂ Mi(0)

First uncoupled differential equation:
2.942 g'' + 3.324 gq' + 93.92 g = 0.000

Second uncoupled differential equation:
1.529 g''" + 7.280 g' + 216.59 g = 0.000

Third uncoupled differential equation:
1.322 g''" + 13.193 g' + 365.59 g = 0.000

Solution of these ordinary differential equations yields

u_l(t) =

0.02786xexp (-0.565*t)xsin(5.622xt) —
0.008462+exp (-2.38*t)+xsin(ll.66%t) -
0.003655xexp (—4.988+t)*xsin(15.86x%t)

u_2(t) =
0.03311xexp (-4.988xt)*xsin(15.86+t) + 0.03101xexp(—-2.38xt)xsin(1l1.66x*t)
+ 0.02014%exp(-0.565%t) *sin(5.622x*t)

u_3(t) =
0.02657xexp (-2.38xt)xsin(11.66xt) — 0.02165xexp(—4.988*t)*xsin(15.86x*t)
+ 0.005992xexp (-0.565xt) xsin(5.622%t)

Next, the responses of each DOF are plotted (see Figure 8).
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Figure 8. Response of proportionally damped system to initial conditions.
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Part B
For this problem u(0) = {0}, u(0) = {0}, and

0
p(t) =<1 pcosQt
0

The complex frequency response function FU(Q) is given in the textbook
by Eq. (11.31).

N
. o ¢%r¢'r 1
Hij(ﬂ)—; K, 02 i)

where H;; represents the response at coordinate u; due to harmonic excita-
tion at pj.
2C,ry Q
tana, = —— where 7, = —
1—rz Wy
To find the steady state solution of the system at DOF 2, ¢ is set to 2 and
because there is only harmonic excitation at DOF 2, j = 2. Therefore,

3
_ . 1
Hoo = E ¢2K¢2 (20)
r=1 r

(1-%)+i(2e2)

Using MATLAB to perform the calculations:

N_1/D_1 (W) =

0.003547/ (- 0.03132+xW"2 + W*(0.0354%x1i + 0.0) + 1.0)
N_2/D_2 (W) =

0.002553/ (- 0.007061+«W"2 + W*(0.03361*1 + 0.0) + 1.0)
N_3/D_3 (W) =

0.0019/ (- 0.003617+«W"2 + W (0.03609«1 + 0.0) + 1.0)
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Part C

To plot U;(€2), the time domain data for the first degree of freedom from
Part A was transformed into the frequency domain using the Fast Fourier
Transform or FFT. This was implemented in MATLAB as follows:

)

% Saving plot
set (gcf, 'PaperPositionMode', "auto"')
print (gcf, '-depsc', [ImgPath, 'FinalProb4bFRF.eps'])

%% Part C - using fft to find U_1 (Omega)
% Determining time step
Deltat = t_span(2) - t_span(l);

% Sampling frequency
f_s = 1/Deltat;

% Frequency resolution
Deltaf = 1/t_final;

% Number of samples
u_l = keepu_1;

10 T T T

Real

Imaginary
10°

|
107 | -
10‘10 1 1 1
0 50 100 150 200

f [Hz|

Figure 9. CO-QUAD plot.
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Figure 10. Nyquist plot.
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Part D

| Ho(€2)|

10 1 1 1 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
Q/wy [rad/s]
0 T T T T T T T T
o -50f 1
)
=
3
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e —100 1 T
<
]
kS
=
= _150} 1
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Q/wy [rad/s]

Figure 11. Bode plot of Eq. (20).
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Part E

To determine the amplitudes of the responses at 2 = (w1 + w2)/2, the
MATLAB interpl function was used to interpolate the solution from the
previous mode superposition solution.

At Omega = 8.78 rad/s, |U| = 0.004432, 0.005524, 0.004314

Part F
MATLAB was used to solve for the response of the system to the sinusoidal
loading. The process and results are described below.

Solving the eigensystem,
K® = M®A

After finding the eigenvalues, the natural frequency of the r-th mode is given
by
Wy = 1/ Ar

Generalized mass, stiffness, and damping matrices are calculated as follows:

M=d M

K=®"K®

C=®'C® = diag(2(,w,M,)
Now, the equation of motion can be written in modal coordinates as
M+Cq+Kq= <I>Tp(t)

Again, since this is a 3-DOF system, we now have 3 uncoupled ODEs in
modal coordinates.

First uncoupled differential equation:
2.942 g'' + 3.324 g' + 93.92 g = 0.577xcos (Omegaxt)

Second uncoupled differential equation:
1.529 g'' + 7.280 g' + 216.59 g = 0.744%cos (Omegaxt)

Third uncoupled differential equation:
1.322 g''" + 13.193 g' + 365.59 g = -0.833*cos (Omegax*t)
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To plot the responses, a value for the forcing frequency was assumed (i.e.,
2 =2 rad/s). Solutions to ODEs:

u_l(t) =

0.004647xcos (2.0xt) + 0.0003861xsin(2.0%t) +
6.852e-5+xexp (—-4.988*t) xsin(15.86*t) +
0.0007135%xexp (—-2.38xt)*xcos (11.66%xt) —
0.005573xexp (—=0.565+t) *xcos (5.622xt) +
0.0001541xexp (=2.38xt)*xsin(11.66xt) — ...
0.0007205%exp (=0.565%t) xsin(5.622xt) +
0.0002117xexp (—4.988xt) *xcos (15.86x%t)

u_2(t) =

0.008561xcos (2.0xt) + 0.0006474xsin(2.0*t) -
0.0006206xexp (—4.988xt)*xsin(15.86xt) -
0.002615%xexp (—2.38*t)*xcos (11.66%t) —
.004029%exp (-0.565%t) xcos (5.622*t) -
.0005648*exp (—2.38*t) xsin(ll.66%t) -
.0005209xexp (-0.565+t) *sin (5.622*t) —
.001917*exp (-4.988«+t) xcos (15.86+%t)

o O O O

u_3(t) =

0.002185%cos (2.0xt) + 0.0001601*sin(2.0xt) +
0.0004059xexp (—4.988xt) xsin (15.86xt) -
0.00224xexp (-2.38xt)*xcos (11.66%xt) —

.001198%exp (-0.565%t) xcos (5.622«t)

.0004838*exp (—2.38*t) xsin(ll.66%t) —

.000155%exp (-0.565xt) xsin (5.622*t) +

.001254%exp (-4.988«t) xcos (15.86+%t)

o O O O

The responses can be seen in Figure 12.

Comparing the plots to the results in Part E, the amplitudes look comparable
with the exception of the third degree of freedom.
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Figure 12. Response of proportionally damped system to sinusoidal loading.
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Problem 6

Problem Statement

For a supported-clamped circular steel beam with a length of 2 meters and
total mass of 50 kg, find the natural frequency of the first mode. Choose
your own F and p for the material. Cite the source of data.

(a). Use MASDAN analytical solution
(b). Use Ritz method (by DYSSOLVE).

(a) What is the lowest order polynomial (NP) required to solve the
problem?

(b) Find 3 solutions by DYSSOLVE using polynomial of order NP,
NP + 1, and NP + 2.

(c). Use finite element method by DYSSOLVE. Model the beam using 1,
2, and 20 elements.

Tabulate your solutions.
Solution

The density and Modulus of Elasticity were determined from Hibbeler’s
Mechanics of Materials textbook assuming A36 steel.

p="7.85Mg/m® and FE =200 GPa

Part A

‘wl =9.79 rad/s‘
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Table 1. Summary of results.

Method Model 1 Model 2 Model 3

Ritz 9.82 9.80 9.79
FE 13.02 9.89 9.79

e

n < 5tudent Version> Figure 1

== et

Filte Edit View Insert Tools Desktop Window Help
DEES KA UDEL-|G|0H| D
Mode No.1 of C-5 Beam (Analytical solution)
[?..*L}1= 3.9266 [1}1= 1.9633
[m}1= 9.7945

o s

o, =[-1"sinh{, "x}+0.99922"cosh(2,"x}+1"sin(2,"x)-0.39922"cos(z,"x]]

Data:

=2
A=0.0031847
E*1=161.5
Rho*A=25

Figure 13. Analytical solution by MASDAN.

Part B

The lowest order polynomial required to solve the problem is 4.
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Figure 15. Ritz solution with NP = 5.
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Figure 16. Ritz solution with NP = 6.
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Part C

B <Student Version> : Vibration analysis of bar, beam, truss and plane-frame

Figure 17. FEM solution with 1 element.
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[l <Student Version> : Vibration analysis of bar, beam, truss and plane-frame ém

Figure 18. FEM solution with 2 elements.

Figure 19. FEM solution with 20 elements.
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Problem 7

Problem Statement

A hinge is to be added to the spring supported rigid bar. Find the optimal
location of the hinge to maximize the natural frequency of the system. Use
the following numerical data:

m=40kg, L=10m, k=10,000 N/m, ki =2k, ko =k

The bar has a uniform mass distribution.

Remarks: This problem was a problem in Exam 1. I do not want to see
the same solution. However, using the knowledge you have learned from my
recent lectures, you can find the best support location from the mode shape
plot of the 2-DOF bar without the hinge. Try to solve the problem using
this approach.

Solution

The Assumed Modes method will be used to re-solve this problem. The cal-
culations for this problem were performed using Mathematica. The code is
at the end of this document. Using Note-19, the mass and stiffness matrices
for this system are

m Lm/2

Lm/2 L*m/3

M= [ Lky  L?ky

} and K:[k1+k2 Lkz]

Next, the eigenvalues and eigenvectors are found.

0.985329 0.985329
# _{ 0.170664 } 2 —{ 0.170664 } and Ag; = {2366.03,633.975}

Next, the shape function is defined.

F, = {xo,:z:}
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Yp(x) = Fpe, where ¢ = ¢,

Therefore, the two eigenfunctions are

1 = Fpp1 = 0.170664x + 0.985329
0.985329 — 0.170664x

% = F:c¢2

Plotting with Mathematica,

05 10 15 20 25

Figure 20. First eigenfunction.

-05+

Figure 21. Second eigenfunction.
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Examining Figure 21, it is evident that there is a node. The eigenfunction
is solved for the node, yielding;:

| Zoptimal = 5.7735 m

Final Exam MATLAB code

Problem 2 MATLAB code

%% Clearing workspace
lc,clear,close all

Q

%% Inputs

% Setting defaults

set (0, 'DefaultTextInterpreter', 'LaTeX")

% Path to images

ImgPath = 'C:\Users\James\Desktop\School\Courses\UTA\AE 5311 - Structural
Dynamics\Images\"';

© 0w N Ot s W N

[
o

11
12 P_s = 5;

13 k = 32;
14 m = 2;
15 omega_n = sqrt(k/m);

16

17 %% Calculations

18

19 % Time vector

20 t = linspace(0,10,1e3);

21

22 % Displacement eqgn

23 u = P_s/kx(sin(omega_n=*t) — omega_nxt.xcos (omega_nx*t));
24

25 % Plotting

26 figure('Position', [1010 60 560 250])

27 plot(t,u,'-k','LineWidth',1.5)

28 xlabel ('$t$ [sec]', 'FontSize',11)

29 ylabel ('Su(t)$ [m]', '"FontSize',11)

30

31 % Saving plot

32 set (gcf, 'PaperPositionMode', 'auto')

33 print (gcf, '—-depsc', [ImgPath, 'FinalProbZa.eps'])
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Problem 3 MATLAB code

%% Clearing workspace
clc,clear,close all

% Setting defaults

set (0, 'DefaultTextInterpreter', 'LaTeX")

% Path to images

ImgPath = 'C:\Users\James\Desktop\School\Courses\UTA\AE 5311 - Structural
Dynamics\Images\"';

© 00 N O s W N

-
o

11
12

3
|

= 2;
13 32;

14 = 2;

15 P_0 = 64;

16 omega_n = sqrt (k/m);

17

18 %% Calculations

19

20 Time vector

21 t_final = 10;

22 t = linspace(0,t_final,1le3);
23 sum = 0;

24

25 % Number of terms

-
Il
-
Q

N/m
sec

=]
(@]

o° o° o° o

=z

o\

26 nTerms = 15;

27

28 % Preallocating b vector for terms
29 b = zeros(l,nTerms);

30 Omega = b;

31

32 % Setting up string of linestyles for plotting of Fourier series
33 cString = {'-k','-b','"-x','-g','"——k','"-=b'",'——1r',"——g'};

34 counter = 1;

35
36
37
38
39
40 % Summing terms

Creating figure
figure ('Position', [1010 50 560 2807])
hold on

o° o oe

41 for n = l:nTerms

42

43 % Sequence for odd numbers
44 k = 2%n-1;

44




45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

fprintf ('k = %d\n', k)
% Logic structure to change sign of b_n term
if k == 4xcounter - 3
b(n) = 4%P_0xT_0/ (pi~2%k"2);
counter = counter+l;
else
b(n) = —4%P_0*T_0/ (pi~2xk"2);

% Summing terms
sum = sum + b (n)*sin(2+«kxpixt/T_0);

% Forcing frequency
Omega (n) = 2xk*pi/T_0O;

end

% Setting up figure to plot triangular wave
figure('Position', [1010 50 560 2801])

plot (t,sum, '-k', 'LineWidth',1.5)

grid on

% Adding labels

xlabel ('$tS$ [sec]', 'FontSize',11)

ylabel ('Sf(t)$ [N]', 'FontSize',11)

% Saving plot

set (gcf, 'PaperPositionMode', "auto"')

print (gcf, '-depsc', [ImgPath, 'FinalProb3trianglewave.eps'])

o\

% Solving for u(t)

o°

Assigning A_1i

A = Db;
% Initializing reponse variable
u = 0;
% Summing first five terms of response
for n = 1l:nTerms
% Equation for response
u = u + A(n)/kromega_n/(omega_n"2 - Omega(n) "2)*...
(omega_n+*sin (Omega (n) *t) - Omega(n) *sin (omega_n=*t));
end

)

% Plotting response
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94 figure('Position', [1010 50 560 280])
95 plot(t,u,'-k','LineWidth',1.5)

96 grid

97

98 % Adding labels

99 xlabel ('$t$ [sec]','FontSize',11)

100 ylabel ('$u(t)$ [m]', 'FontSize',11)

101

102 %% Solving for the response at t = 4

103

104 % Time at which we want to know the response
105 tr = 4;

106

107 % Interpolating from the previous calculation
108 ur = interpl(t,u,tr);

109

110 % Displaying results

111 fprintf ('At t = %2.2f, u(%2.2f) = %2.2f m\n\n',tr,tr,ur)
112

)

113 % Plotting point on response

114 hold on

115 plot(tr,ur, 'ro', 'Linewidth',1.5)

116

117 % Saving plot

118 set (gcf, 'PaperPositionMode', "auto"')

119 print (gcf, '-depsc', [ImgPath,'FinalProb3response.eps'])

1 function [u,tf] = FinalExamProb4Validation (P_0,T_0,k,m)
2

3 nPoints = 1le3;

4 omega_n = sqgrt(k/m);

5 tSPAN = linspace(0,T_0,nPoints);

6 IC = [0; O0];

7 [tf,u] = oded5(@func, tSPAN, IC);

8

9 %% Function to create triangle wave

10

11 function Twave = triangleWave (t)

12

13 % Preallocating Twave

14 Twave = zeros (1,numel (t));

15

16 % Setting up loop

17 for n = 1l:numel (t)

18

19 if t(n) <= T_0/4

20 Twave (n) = 4%P_0/T_O0xt (n);
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21 elseif t(n) > T_0/4 && t(n) <= 3*T_0/4
22 Twave (n) = —-4*P_0/T_0Oxt(n) + 2xP_0;
23 elseif t(n) > 3%xT_0/4 && t(n) <= 5xT_0/4
24 Twave (n) = 4*P_0/T_Oxt (n) - 4xP_0;
25 else

26 break

27 end

28

29 end

30 end

31

32 %% Alternate function for triangle wave

33

34

35 %% Function for oded4d5

36

37 function dx = func(t, x)

38 dx = zeros(2,1);

39 dx (1) = x(2);

40 dx (2) = triangleWave (t)/m - omega_n"2*x(1);
41 end

42

43 end

Problem 4 MATLAB code

%% Clearing workspace
clc,clear,close all

o\

% Inputs

% Setting defaults
set (0, 'DefaultTextInterpreter’', 'LaTeX")

© w0 N s W N

)

% Path to images
ImgPath =
'Structural Dynamics\Images\'];

=
No= O

['C:\Users\James\Desktop\School\Courses\UTA\AE 5311 - ', ...

-
w
1

[\
~.

= e e
[ IS
H oA B

64;
omega_n =

un
I

sqrt (k/m) ;

-
oo

oo
)

Calculations for Problem 3

=
©
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o~
Q

N/m
sec

o° o° o o

=




20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

% Time vector

t_final = T_O;

t = linspace(0,t_final, 5e3);
sum = 0;

% Number of terms
nTerms = 16;

% Preallocating b vector for terms
b = zeros(l,nTerms);
Omega = b;

o
counter = 1;

% Summing terms
for n = 1:nTerms

% Sequence for odd numbers
k = 2*n-1;
fprintf ('k = %d\n', k)

o

if k == 4xcounter - 3
b(n) = 4xP_0+T_0/(pi~2xk"2);
counter = counter+l;
else
b(n) = —4xP_0+T_0/ (pi~"2%xk"2);
end

% Summing terms

sum = sum + b (n)*sin(2+«kxpixt/T_0);

% Forcing frequency
Omega (n) = 2xk*xpi/T_0;

end

% Creating figure

figure ('Position', [1010 50 560 280])
plot (t,sum, '-k', '"Linewidth',1.5)

% Solving for u(t)

% Assigning A_1i

A = Db;
term = zeros (numel (A),numel (t));

48

% Setting up string of linestyles for plotting of Fourier series

cString = {’7k','7b','7r','7g','77k’,'77b','77r’,'7fg'};

% Logic structure to change sign of b_n term




69
70 % Initializing reponse variable

71 u = 0;

72

73 % Summing first five terms of response

74 for n = l:nTerms

75

76 % Calculating each term

77 term(n,:) = A(n)/kxromega_n/(omega_n"2 - Omega(n) "2)*...
78 (omega_n+*sin (Omega (n) *t) - Omega(n)*sin (omega_nx*t));
79

80 % Equation for response

81 u = u + A(n)/kxomega_n/ (omega_n"2 - Omega(n) "2)«*...

82 (omega_nxsin (Omega (n) *t) — Omega (n)xsin (omega_nxt));
83

84 end

85

)

86 % Plotting response

g7 figure('Position', [1010 50 560 280])

88 hfourier = plot(t,u,'-b', 'LineWidth',1.5);
89 hold on

90

91 % Adding labels

92 xlabel ('$t$ [sec]', 'FontSize',11)

93 ylabel ('Su(t)$ [m]', '"FontSize',11)

94

95 %% Calculations for Problem 4

96

97 % Inputs

98 m = 2; % kg
99 k = 32; % N/m
100 T_0 = 2; % sec
101 P_0 = 64; $ N
102 omega_n = sqgrt (k/m);

103 T_1 =T _0/4;

104 t_final = 10;

105

106 % Time vectors

107 t_1 = linspace(0,T_1,1e3);

108 t_2 = linspace(T_1,3xT_1,1e3);

109 t_3 = linspace (3xT_1,4+T_1,1e3);

110 t_4 = linspace(4xT_1,t_final,le3);

111

112 % First interval

113 u_l = P_0/ (mxT_l*omega_n~"3)«* (t_lxomega_n - sin(omega_nxt_1));

114
115 % Plotting

116 plot(t_1l,u_1l,'-r','LineWidth',1.5)
117
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)

118 % Second interval

119 u_2 = —-P_0/ (m*T_lxomega_n"3)* (sin(omega_n=*t_2) — 2xsin(omega_nx*(t_2 — T_1))
+ ...

120 (t_2 - 2«T_1)*omega_n);

121

122 % Plotting
123 hold on
124 plot(t_2,u_2,'-r', ' 'LineWidth',1.5)

125
126 % Third interval

127 u_3 = —-P_0/ (m*T_l*omega_n"3) * (sin(omega_n*t_3) + 2+sin(omega_nx..

128 (t_3 - 3%T_1)) - 2+sin(omega_nx(t_3-T_1)) - omega_nx*(t_3 — 4xT_1));
129

130 hduhamel = plot(t_3,u_3,'-r', 'LinewWidth',1.5);

131

132 % Fourth interval

133 u_4 = P_0/(m*T_l*omega_n~"3)«* (2«sin(omega_n=*(t_4 - T_1))...

134 — 2%sin(omega_n+* (t_4 - 3%T_1))) + sin(omega_n= (t_4 - 4%T_1))

135 - sin(omega_nxt_4);

136

137

138 %% Calling ode45 for numerical solution

139 [u,t] = FinalExamProb4Validation(P_0,T_0,k,m);

140

)

141 % Separating solution
142 uNumerical = u(:,1);
143 hoded45 = plot (t,uNumerical,'—--k', 'LineWidth',1.5);

144
145 % Adding legend

146 1lh = legend([hfourier,hduhamel,hoded45], ['Fourier Series w/ ', ...
147 num2str (nTerms), ' terms'], 'Duhamel Integral', 'oded5');

148 set (lh, 'Location’', 'SouthWest', 'FontSize',11l, 'Interpreter', 'LaTeX")
149

150 % Saving plot

151 set (gcf, 'PaperPositionMode’, "auto"')

152 print (gcf, '-depsc', [ImgPath, 'FinalProb4d.eps'])

153

154 % Plotting

155 figure('Position', [1010 50 560 28017)

156 plot(t_1,u_1,'-k',t_2,u_2,'--k',t_3,u_3,"'-b',t_4,u_4,'--b', ...
157 'LineWidth',1.5)

158 xlabel ('StS$ [sec]')

159 ylabel ('Su(t)s [m]")

160

161 % Saving plot

162 set (gcf, 'PaperPositionMode', "auto')

163 print (gcf, '-depsc', [ImgPath, 'FinalProb4dd.eps'])
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Problem 5 MATLAB code

1 %% Take Home Final Problem 5

2

3 %% Clearing workspace

4 clc,clear,close all

5

6 %% Inputs

7

8 % Setting defaults

9 set (0, 'DefaultTextInterpreter', 'LaTeX")

10

11 % Path to images

12 ImgPath = ['C:\Users\James\Desktop\School\Courses\UTA\"', ...
13 'AE 5311 - Structural Dynamics\Images\'];
14

15

16 K = [200 -100 0; -100 200 -100; O -100 400];
17 M= [4 00; 010; 00 2];

18 zeta = [0.1;0.2;0.31;

19 u_0 = [0;0;0];

20 v_0 = [0;1;0];

21 P = [0;0;0];

22

23 % Final time for plotting

24 t_final = 50;

25 nPoints = le4;

26

27 %% Part A - Find analytical solution to initial conditions
28

29 % Symbolically finding the eigenvalues

30 syms LL

31 eqgl = sort (real (vpa(solve(det (K - LL*M)==0,'LL'),4)));
32

33 % Using MATLAB function to check

34 [Phi,Lambdal] = eig(K,M);

35

36 % Separating eigenvalues

37 Lambda = sort (diag(Lambda));

38 lambda_1 = Lambda (1) ;

39 lambda_2 = Lambda (2);

40 lambda_3 = Lambda (3);

41

42 % Finding eigenvectors

43 phi_1 = null (K - lambda_1xM);

44 phi_2 = null (K - lambda_2xM);

45 phi_3 = null (K - lambda_3xM);

ol




46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94

% Natural frequencies

omega_1l = sqgrt(lambda_1);

omega_2 = sqgrt (lambda_2);

omega_3 = sqgrt (lambda_3);

% Constructing Phi matrix

Phi = [phi_1 phi_2 phi_3];

% Generalized mass and stiffness matrices
GM = Phi'*MxPhi;

GK = Phi'*K«*Phi;

)

% Generalized damping matrix

GC(1,1) = 2xzeta(l)*omega_1xGM(1,1);
GC(2,2) = 2xzeta(2)~omega_2+«GM(2,2);
GC(3,3) = 2xzeta(3)~omega_3+«GM(2,2);
disp ('================================s===========s====================== ")

disp('Part A - Modal EOMs')

disp (' == == == == ==

% First uncoupled differential equation

termll GM(1,1);

terml?2 2xGM (1, 1) omega_lxzeta(l);

terml3 = omega_1"2+xGM(1,1);

termld = phi_1'«P;

fprintf ('First uncoupled differential equation: \n')

fprintf ('$1.3f g''"'" + $1.3f g'' + %2.2f g = %$1.3f \n\n',...
termll,terml2,terml3, termld);

% Second uncoupled differential equation

term21 = GM(2,2);

term22 = 2xGM(2,2) romega_2+*zeta(2);

term23 = omega_2"2xGM(2,2);

term24 = phi_2'«P;

fprintf ('Second uncoupled differential equation: \n'")

fprintf ('$1.3f g'''" + $1.3f g'' + %2.2f g = %$1.3f \n\n',...
term2l,term22,term23, term24) ;

% Third uncoupled differential equation

term31 GM(3,3);

term32 2xGM (3, 3) xomega_3xzeta (3);

term33 = omega_3"2xGM(3,3);

term34 = phi_3'«P;

fprintf ('Third uncoupled differential equation: \n')

fprintf ('$1.3f g''"'" + $1.3f g'' + %2.2f g = %$1.3f \n\n',...
term31l,term32,term33, term34) ;
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95
96
97
98
99
100
101
102
103
104

106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136

138
139
140
141
142
143

)

% Setting up derivatives
syms gl (t) g2(t) g3 (t)
Dgl = diff(qgl);

D2gl = diff(gql,2);

Dg2 = diff(g2);

D2g2 = diff(g2,2);

Dg3 = diff(g3);

D2g3 = diff(g3,2);

% Transforming initial conditions to modal coordinates
% Initial displacements

ql_0 = 1/GM(1,1)*phi_1"'"+Mxu_0;

q2_0 1/GM(2,2) *phi_2"+«M*u_0;

q3_0 1/GM (3, 3) *phi_3"+«M*u_0;

)

$ Initial velocities

gldot_0 = 1/GM(1,1)*phi_1'*Mxv_0;
g2dot_0 1/GM(2,2)phi_2"'*Mxv_0;
g3dot_0 1/GM(3,3) *phi_3'+*M*v_0;

% Solving differential equations symbolically

Q1 = vpa(dsolve (termll«D2gl + terml2x+Dgl + terml3xgl == terml4, ...

gl (0)==gl_0,Dqgl (0)==gldot_0),4);

Q2 = vpa(dsolve (term21+D2g2 + term22+Dg2 + term23xqg2 == term24, ...

g2 (0)==g2_0,Dg2 (0) ==g2dot_0),4);

Q3 = vpa(dsolve (term31xD2g3 + term32+Dg3 + term33xg3 == term34, ...

g3(0)==g3_0,Dg3(0)==g3dot_0),4);

% Substituting time vector
t_span = linspace (0,t_final,nPoints);

% Transforming from modal back to spatial coordinates
U = vpa(Phix[Q1l; 0Q2; Q3],4);

)

% Outputting solutions

disp ('===================================================================
disp('Solution for Part A'")
disp ('================================oo—oo———=————oo—o————==========
disp('u_1(t) = ")
dlsp(vpa(31mpllfy( (1)),4))
disp('u_2(t) = ")
dlsp(vpa(31mpllfy( (2)),4))
disp('u_3(t) = ")
(

disp vpa(slmpllfy( (3)),4))

% Substituting time vectors into symbolic expressions
u_l = subs(U(l),t,t_span);
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144 u_2 = subs(U(2),t,t_span);
145 u_3 = subs(U(3),t,t_span);
146 keepu_1l = u_1;

147

)

148 % Plotting response

149 figure('Position', [1060 40 530 77517)
150

151 % Plot for first degree of freedom
152 subplot (3,1,1)

153 plot (t_span,u_1, 'LineWidth',1.5)

154 xlabel ('St$S [sec]', 'FontSize',11)

155 ylabel ('$u_1(t)$ [m]','FontSize',11)
156 set (gca, 'XLim', [0 107])

157

158 % Plot for second degree of freedom
159 subplot (3,1,2)

160 plot (t_span,u_2, 'Linewidth',1.5)

161 xlabel ('St$ [sec]', 'FontSize',11)

162 ylabel('Su_2(t)$ [m]', 'FontSize',11)
163 set (gca, 'XLim', [0 107)

164

165 % Plot for third degree of freedom
166 subplot (3,1, 3)

167 plot (t_span,u_3, 'LineWidth',1.5)

168 xlabel ('StS$S [sec]', 'FontSize',11)

169 ylabel ('$u_3(t)$ [m]', 'FontSize',11)
170 set (gca, 'XLim', [0 107])

171

172 % Saving plot

173 set (gcf, 'PaperPositionMode’', 'auto')
174 print (gcf, '-depsc', [ImgPath, 'FinalProblda.eps'])
175

176 %% Part B

177

178 % Setting final time

179 % t_final = 50;

180

181 % Setting initial conditions equal to zero
182 u_0 = [0;0;0];

183 v_0 = [0;0;0];

184

185 % Assigning omega

186 Omega = 1/2x (omega_1l + omega_2);
187

188 % Forcing vector

189 P = [0;cos (Omegaxt);0];

190

191 % Recalculating terms of the differential equation
192
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193
194
195
196
197
198
199
200
201
202

204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229

231
232
233
234

236
237
238

240
241

terml4 = phi_1'«P;
term24 = phi_2'«P;
term34 = phi_3'«P;

% Printing modal coordinates

disp ('==================================s===============

disp('Part B - Modal EOMs')

disp ('===== == == == =

fprintf ('First uncoupled differential equation: \n')

fprintf ('$1.3f g'''" + $1.3f g'' + %2.2f g = $1.3fxcos(Omegaxt) \n\n', ...

termll,terml2,terml3,phi_1'%x[0;1;0]1);
fprintf ('Second uncoupled differential equation: \n'")

fprintf ('$1.3f g'''" + $1.3f g'' + %2.2f g = $1.3fxcos(Omegaxt) \n\n', ...

term2l,term22,term23,phi_2'%x[0;1;0]1);
fprintf ('Third uncoupled differential equation: \n')

fprintf ('$1.3f g'"'''" + $1.3f g'' + %2.2f g = %1.3fxcos (Omegaxt) \n\n', ...

term3l,term32,term33,phi_3'%x[0;1;0]1);

% Initial displacements

1/GM(1,1)phi_1"+M*u_0;
g2_0 = 1/GM(2,2)*phi_2"'*M*u_0;
1/GM (3, 3) *phi_3"+«M*u_0;

Q
1
o

Il

Q
w
o

Il

% Initial velocities

gldot_0 = 1/GM(1,1)*phi_1"+«Mxv_0O;
g2dot_0 1/GM(2,2)+phi_2"'"«M*v_0;
g3dot_0 1/GM (3, 3)*phi_3'"«M*v_0;

% Solving differential equations

Q1 = vpa(simple (dsolve (termll«D2gl + terml2+Dgl + terml3xgl == termld, ...
ql (0)==9l1_0,Dql (0)==qgldot_0)),4);

Q2 = vpa(simple (dsolve (term21+«D2g2 + term22+Dg2 + term23xqg2 == term24,...
92 (0)==92_0,Dg2 (0) ==gq2dot_0) ), 4);

Q3 = vpa(simple (dsolve (term31+«D2g3 + term32+Dg3 + term33xg3 == term34,...

g3 (0)==9g3_0,Dg3 (0)==g3dot_0)),4);

% Substituting time vector
t_span = linspace(0,t_final,nPoints);

% Transforming from modal back to spatial coordinates
U = vpa (Phi*[Ql; Q2; Q3],4);

disp ('==================================================

disp('Solution for Part B')

disp

disp (vpa (simplify (U(1)),4))

(

(
disp('u_1(t) = ")

(

(‘u_2(t) = ")

disp
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242 disp (vpa (simplify (U(2)),4))
243 disp('u_3(t) = ")
244 disp (vpa (simplify (U(3)),4))

245 u_1l subs (U(1),t,t_span);
246 u_2 = subs(U(2),t,t_span);
247 u_3 = subs(U(3),t,t_span);
248

)

249 $ Plotting response

250 figure('Position', [1060 40 530 775])
251

252 % Plot for first degree of freedom
253 subplot (3,1,1)

254 plot (t_span,u_1, 'LineWidth',1.5)

255 xlabel ('St$ [sec]', 'FontSize',11)

256 ylabel ('"Su_1(t)$ [m]', 'FontSize',11)
257 set (gca, 'XLim', [0 107)

258

259 % Plot for second degree of freedom
260 subplot (3,1,2)

261 plot (t_span,u_2, 'LineWidth',1.5)

262 xlabel ('St$ [sec]', 'FontSize',11)

263 ylabel ('Su_2(t)$ [m]','FontSize',11)
264 set(gca, "XLim', [0 107)

265

266 % Plot for third degree of freedom
267 subplot (3,1, 3)

268 plot (t_span,u_3, 'LineWidth',1.5)

269 xlabel ('St$ [sec]', 'FontSize',11)

270 ylabel ('Su_3(t)$ [m]','FontSize',11)
271 set (gca, 'XLim', [0 107])

272

273 % Saving plot

274 set (gcf, 'PaperPositionMode', 'auto')
275 print (gcf, '-depsc', [ImgPath, 'FinalProb4b.eps'])

276

277 ST T T T T
278 % Finding the frequency response function

270 T
280

281 Omega_final = 50;

282 Omega = linspace (0,0Omega_final,nPoints);

283

284 % Setting number of degrees of freedom

285 N = 3;

286

287 % Preallocating

288 r = zeros (N, nPoints);

289 alpha = r;

290 H_12 = zeros(l,nPoints);
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291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339

H_22 H_12;
H_ 32 = H_12;
% Calculating r and phase
for n = 1:N
r(n,:) = Omega/sqgrt (Lambda (n)) ;
alpha(n,:) = atan2(-2+zeta(n)*r(n,:), (1 - r(n,:)."2));
end
% Calculating numerical value for FRF
for n = 1:N

H 12 = H_12 + Phi(l,n)*Phi(l,n)/GK(n,n)*x1./((1 - r(n,:)."2) +
lix (2xzeta(n)*r(n,:)));

H_22 = H_22 + Phi(2,n)*Phi(2,n)/GK(n,n)*x1./((1 — r(n,:)."2) +
lix (2+zeta(n)*r(n,:)));

H_32 = H_32 + Phi(3,n)*Phi(3,n)/GK(n,n)*x1./((1 — r(n,:)."2) +
lix (2xzeta(n)*r(n,:)));

end

% Output the FRF at DOF 2

Aisp ('=mmmmmmm o e e e e e e —=1)
disp ('Frequency Response Function for DOF 2'")

disp ('=======================——=————m—m————m e |
syms W

% Calculating symbolic FRF to output

H1 = Phi(2,1)*Phi(2,1)/GK(1,1)*1/(1 - W' 2/sqrt (Lambda (1)) "2 +
li* (2xzeta (1) *W/sqgrt (Lambda(1))));

H2 = Phi(2,2)*Phi(2,2)/GK(2,2)*1/(1 - W 2/sqgrt (Lambda (2)) "2 +
lix (2xzeta (2)*W/sqgrt (Lambda(2))));

H3 = Phi(2,3)*Phi(2,3)/GK(3,3)*1/(1 — W'2/sqgrt (Lambda (3)) "2 +
li* (2xzeta (3)*W/sqgrt (Lambda (3))));

% Outputting results

disp('N_1/D_1(W) = ")

vpa (H1, 4)

disp ('N_2/D_2 (W)

vpa (H2, 4)

disp('N_3/D_3 (W) = ")

vpa (H3, 4)

% Plotting

figure ('Position', [980 170 560 620])

subplot (2,1,1)

plot(r(2,:),abs(H_22),'-b', '"LinewWidth',1.5)

set (gca, 'YScale', "log")

xlabel ('$\Omega/\omega_2$ [rad/s]', 'FontSize',11)
ylabel ('$|H_{22} (\Omega) |$', 'FontSize',11)
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340 subplot (2,1,2)

341 plot(r(2,:),180/pi*alpha(2,:),"'-b', 'LineWidth',1.5)
342 xlabel ('S$\Omega/\omega_2$ [rad/s]','FontSize',11)

343 ylabel ('Phase angle $\alpha$ [deg]'")

344

345 % Saving plot

346 set (gcf, 'PaperPositionMode’, "auto')

347 print (gcf, '—-depsc', [ImgPath, 'FinalProb4bFRF.eps'])
348

349 %% Part C - using fft to find U_1 (Omega)

350

351 % Determining time step

352 Deltat = t_span(2) - t_span(l);
353

354 % Sampling frequency
355 f_s = 1/Deltat;

356

357 % Frequency resolution
358 Deltaf = 1/t_final;

359

360 % Number of samples

361 u_l = keepu_1;

362 nfft = pow2 (nextpow2 (length(u_1l)));
363

364 % Taking the fft

365 U_1 = fft(u_1,nfft);

366 F_1 = (0:nfft-1)«f_s/nfft;
367 p_1 = U_l.xconj(U_1)/nfft;
368

)

369 % Phase angle

370 phase = unwrap (angle(U_1));

371

372 % Creating the CO-QUAD plot

373 figure('Position', [935 300 560 300])

374 plot(F_1l,real(u_1l),'-k',F_1,imag(U_1),"'-b', 'LineWidth',1.5)
375 xlabel ('f [Hz]','FontSize',11)

376 set (gca, 'YScale', 'log'")

377 lh = legend('Real', 'Imaginary');

378 set (lh, '"FontSize',11)

379

380 % Saving plot

381 set (gcf, 'PaperPositionMode’, 'auto')

382 print (gcf, '—-depsc', [ImgPath, 'FinalProb4cCOQUAD.eps'])
383

384 % Creating Nyquist plot

385 figure('Position', [1150 80 430 360])

386 plot (real (U_1),imag(U_1), 'LinewWidth',1.5)

387 xlabel ('S$S\Re$', 'FontSize',11)

388 ylabel ('S$S\Im$', '"FontSize',11)
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389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405

o

% Saving plot
set (gcf, 'PaperPositionMode’', "auto"')
print (gcf, '-depsc', [ImgPath, 'FinalProb4cNyquist.eps'])

%% Part E - Finding the amplitude of the response at Omega
% Inputs
Omega = (omega_l + omega_2)/2;

% Interpolating from previously calculated H values to find amplitude
Ul = interpl(r(l,:),abs(H_12),0mega/omega_1);
U2 = interpl(r(2,:),abs(H_22),0mega/omega_2);
U3 interpl (r(3,:),abs (H_32),0mega/omega_3);

[}

% Outputting results
fprintf ('At Omega = %2.2f rad/s, |U| = %f, %f, %f\n\n',Omega,Ul,U2,U3)

Final Exam Mathematica code

To expedite the problem solving process, some of the symbolic calculations
were accomplished using Wolfram Mathematica. The files are below.
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Problem 1

Part B

Clearing variables

n[17)= ClearAll["Global %"]

Definining the EOM
de =mxu''[t] + cxu'[t] + kxu[t] = Py

kul[t] +cu’[t] +mu”[t] = Py

Taking the Laplace Transform

LP = LaplaceTransform[de, t, s]

k LaplaceTransform[u[t], t, s] +c (s LaplaceTransform[u[t], t, s] -u[0]) +

Po
m (s? LaplaceTransform[u[t], t, s] -su[0] —u’[O]) = —
s

k LaplaceTransform[u[t], t, s] + c (s LaplaceTransform[u[t], t, s] -u[0]) +
Py

m (s® LaplaceTransform[u[t], t, s] -su[0] -u' [0]) = —
s

k LaplaceTransform[u[t], t, s] +c (s LaplaceTransform[u[t], t, s] -u[0]) +
Po

m (32 LaplaceTransform[u[t], t, s] -su[0] —u’[O}) = —
s

Solving for U(s)
U = Solve[LP, LaplaceTransform[u[t], t, s]]

Po+csuf[0] +ms?u[0] +msu’ [0] }}

{{LaplaceTransform[u[t], t, s] »
s (k+cs+msz)

Assigning zero initial conditions

UU = U[[1]] /. u[0] > O

Pp+msu’ [0]
{LaplaceTransform[u[t] , £, 8] > ) }
2

s <k+cs+ms

UUU = UU[[1]] /.u'[0] » O
Po

LaplaceTransform[ult], t, s] -
s (k+cs+ms2>

Manipulating

Printed by Wolfram Mathematica Student Edition



2 | FinalExamProblem1bMYSOLN.nb

Ul =UUU/.c » 2%xC*w,*m
Py

LaplaceTransform[ult], t, s] =
s (k+ms2+2ms§wn)

U2 =Ul/.m > k/w,"2

Po
LaplaceTransform[u[t], t, s] -
k s? 2kst
S (k + T+ —)
wy Wy
Factoring out P_0/k
U3 = FactorTerms[U2, Pj / k]
Py
LaplaceTransform[u[t], t, s] -
ks? 2kst
S (k+ - —)
w Wy
U4 = Apart[U3]
PO —SP0—2§P0(J.)H

LaplaceTransform[u[t], t, s] > — +
ks k(52+25§wn+wﬁ)

Taking the inverse Laplace transform

ult] -»
P 1 - -/ (-1+ - +4/ (-1+
5 (-1+8%) wi fet( ah R gz)wi)éwnwet( e A gz)wﬁ)ﬁwrﬁ
k 2k (-1+8%) ol
et (—§wnf (-1+8%) w? ) (—l +§2> W2 L et ({wm (-1+8%) W} ) (—l +§2) w2
Simplify using zeta < 1
u2 = Refine[ul, £<1&&Z > 0]
ult] -»
P 1 P wan]1-E2 ] - _Cwatn 1-82 A -
70,—\/1752 PO\/—wﬁ _et I Ee e e §wn+et SonrV 1% A un Cw, +
k 2k (-1+8%) w?
o (enve Vet | NN connf1-¢? /a2 Ji-& et
Simplifying using omega > 0
u3 = Refine[u2, w, > 0]
Py 1 . p t|-Cwa-in1-¢2 wnj t|-Cwnti1-C% wn
ult] - — - —————————1+/1-2° Py |-€ Cw, +e Cwn +

k 2k<—1+§2>wn

. t|-Cuwn-in/1-27 wn] ot
le[ \1-2% wa+ie

~Cwy+in1-C% w,

1—§2 Wn
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Plugging in for omega_d

ud = u3 /. Sgrt[l - £22] *w, » wg

2 1
uft] > — - ———— g f1-¢ B,

k 2k<—1+§2>wn

t

t|-Cwa-i1-8% w, ) ~Cwy+in1-8% w,
Wg +1e

ie

g — e (FHuaCun) g | et (HuaCun) oy

Attempt to express relationship in terms of trig functions

u5 = ExpToTrig[u4]
Py 1

uft] » — - —M8M8
k 2k<—1+§2>wn

ia/1-2% Py jCosh[tg’wn—itﬂl—g’z wn]wd+iCosh[t§wn+itﬂl—§2 wn]wd—
jSinh[t§wn—jtx/l—§2 wn}wd—jSinh[t§wn+jtx/l—§2 Wy | Wy -

CCos[twg-1tCwy] wp+CCos[twg+1tCwy] wy+

igsin[twd—it§wn]wn+i§Sin[twd+it§wn]wn)

u6 = FullSimplify[u5]

1
uft] » ———
k (-1+8%) wq
e teu py |etl¥n (—1+§2)wn+x/l—§2 Cos{txll—§2 wn}wd+§sin[twd] wn))

(Eit Cun Pg

Cos[t \J1-2? wn] wg +CSin[t wq] wn))

ettun (—l+§2) Wo+a)1 -2

k (-1+8%) wq
Determining if this form is equal to book form

ubookl = Pp/k* (1 - Exp[-8*w, *t] * (Cos[wg*t] + E*xw, / wg*Sin[wyg *t]))

]+ §Sin[twd]wn>>

Wa

Py 1-et&u Cos [t wg

k
Testing equality by assigning values and plotting
Py = 10;
€ = 0.15;
w, = Sqrt[5];

k=50,'

Wg = Wy *Sgrt[l - £+2];
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Creating plots
1 vE

Plot[{Evaluate[ubookl] , Evaluate[— 10 |[1-e V5 t€Cos[2.2107690969434146" t] -
k

e V5 2 pgin[2.2107690969434146" t] ]} {t, 0, 10},
1-¢g?
Axes -» True, AxeslLabel -» {t , u}, PlotStyle » {Orange, Dashed, Thick},

PlotLegends -» Automatic]

u

0.30 -
L / \

Part C

In this part, we are required to solve for the solution of an underdamped SDOF system subjected to a
Sine input using the Laplace transform method. Assume zero initial conditions.

= P, Sin[Q * t]

mxu''[t] + cxu'[t] + k*xu[t]

de =
ku[t] +cu [t] +mu”’[t] = Sin[t Qs] Ps

Taking the Laplace transform
LaplaceTransform[de, t, s]
k LaplaceTransform[u[t], t, s] +c (s LaplaceTransform[u[t], t, s] -u[0]) +

1t =

m <52 LaplaceTransform[u[t], t, s] -su[0] -u [0] )
Enforcing initial conditions
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Ul = 1t /. u[0] » O

k LaplaceTransform[u[t], t, s] + c s LaplaceTransform[u[t], t, s] +

Ps Qg

m (s” LaplaceTransform[u[t], t, s] -u [0]) = ——
2 2

S° + Qg

U2 =U1/.u'[0] » O

k LaplaceTransform[u[t], t, s] +
Ps Qg
c s LaplaceTransform[u[t], t, s] +m s? LaplaceTransform[u[t], t, s] = -
S + Qg
Solving for U(s)

U3 = Solve[U2, LaplaceTransform[u[t], t, s]]
P. Qg

{{LaplaceTransform[u[t] , Ersl > <s2 +Q§) }}

(k+cs+ms2)

U4

U3[[1]];

U5

U4[[1]1]1;
Inserting relations for m, omega and zeta

U6 =U5/.m-> k/w,"2

Ps €

LaplaceTransform[ult], t, s] -

k+cs+ k552) <52+Q§)
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In[1]:=

ClearAll["Global %"]

Part C

In[2]:=

out[2]=

In[3):=

In[4]:=

Out[4]=

In[5):=

out[5)=

In[6]:=

out[s]=

In[7]:=

out[7]=

In[8]:=

In[9]:=

In[10]:=

out[10]=

In[11]:=

out[11]=

In this part, we are required to solve for the solution of an underdamped SDOF system subjected to a
Sine input using the Laplace transform method. Assume zero initial conditions.

de =m*u''[t] + c*xu'[t] + k*xu[t] = PsSin[Q * t]
ku[t] +cu [t] +mu”[t] = Sin[t Qs] Ps

Taking the Laplace transform

1t = LaplaceTransform[de, t, s]

k LaplaceTransform[u[t], t, s] +c (s LaplaceTransform[u[t], t, s] -u[0]) +

Ps Q
m (s? LaplaceTransform[u[t], t, s] -su[0] -u'[0]) = =
s2+Q?

S

Enforcing initial conditions

Ul = 1t /. u[0] » O

k LaplaceTransform[u[t], t, s] + ¢ s LaplaceTransform[u[t], t, s] +

Ps Q

m (s? LaplaceTransform[u[t], t, s] -u’ [0]) = S
s?2+02
S

U2 =U1/.u'[0] » O

k LaplaceTransform[u(t], t, s] +

c s LaplaceTransform[u[t], t, s] +m s? LaplaceTransform[u[t], t, s] =

Solving for U(s)

U3 = Solve[U2, LaplaceTransform[u[t], t, s]]

PS QS
{{LaplaceTransform[u[t], t, s] - }}
<k+cs+msz> (52+Q§)

U3 = Flatten[U3];
Inserting relations for m, omega and zeta
U6 =U5/.c>» 2xE*w,*m

U5

u7

U6/.m-» k/w,*2
U5
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Expanding

(2= U8 = Apart[U7]

ou[12]= U5

Attempting inverse Laplace

Ps 02 Q
In(13):= U9 = 2o ®
k (sz+25§wn+w§) (sz+§2§)
Ps w2 Qg
Out[13]=

k (s2+2s§wn+wﬁ) (52+Q§)

P, w2 Q

nf4p= Uls_] =
k (s2+2s 8wy +w?) (s?+02)

Ps w2 Qg

out[14]=
k (52 +2 sg’wn+wﬁ) (52 +Q§)

(5= Usl = Apart[U[s], s]
-25CPswd Qs+ Pswl Qg - Py w? 3

out[15)= + (258 Ps w3 Qs - Pswh Qs +4 L7 Ps wh Qs + P wh QF) /
k <52+Q§> (wﬁ—ZwﬁQ§+4§2wiQ§+Qg>

(k (s*+2sCwn+wh) (wa-2w;Q5+48%wh02+00))

ni6l= Us2 = Refine[Usl, £>0 && & < 1 && w, > 0]

-2 8 EPswl Qs+ Pswl Qs - Pg w2 Q2
Out[16]= S cne :ne +<2s§PswiQs—PswﬁQs+4§2PswiQS+Pswng)/
k<s2+Q§> (wﬁf2wﬁ9§+4§2wﬁQ§+Q§>

(k (s*+2sCwn+wh) (wa-2w;Q5+48%w,Q2+00))

(7= Us3 = Refine[U[s], w, >0 && P >0 && k > 0 && Qg > 0]

P w2 Qg
out[17]=

k (sz+2s§wn+wﬁ) (52+Q§)

n[18l:= ExpandAll[Us3]

ourtel (Ps w3 Qs) / (ks*+2ks® Cwn+ks?wi+ks’ @2 +2ks Cw, Q% +kwl QF)

n(19)= Apart[Out[17], s]

-25CPswQq+Psw? Q- Pgw? Q3
outf19)= - (25CP.wlQs - PowhQs+4E% P wh Qs+ Py wl0l) )/
k(sz+Q§> (wﬁ—ZwﬁQ§+4§2wiQ§+Qg>

(k (s*+2sCwn+wh) (wa-2w;Q5+48%wh02+01))
Finding the poles

in20:= D10 = Denominator[Us3]

out20= k (sz +25s 8wy +wﬁ) (sz +Q§)
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In[21]:=

out[21]=

In[22]:=

out[22]=

In[23]:=

out[23]=

In[24]:=

out[24]=

In[25]:=

out[25]=

In[26]:=

In[27]:=

Out[27]=

In[28]:=

out[28]=

In[29]:=

out[29]=

In[30]:=

out[30]=

D11 = Refine[D10, £>0 && £ < 1 && w, > 0]

k <sZ+ZS§wn+wi) <sZ+Q§)

D12 = Collect[D1l1l, w,]

ks? (s*+0Q2) +2ks Cwy (s*+QF) + kwh (s +Q3)

Inserting solution to Partial fractions problem

L1l = D12[[1]]

k s? (52 +Q§)

Ll = L1[[1]]
k

Substituting omega_d

Ll = L1 /. I*»Sqrt[wy?2 - €% wya”2] » I *xwy

k

Poles

Laml = O;

Lam2 = -C*w, - I*wy
7jwd7§wn

Lam3 = -Zxw, + I *xwg
J'l(’Jd*gU-)n

Simplifying derived solution

Al = w,*"2%Qs*Ps/k/ (2%TIxwg* ((E*xwa+Ixwy) 2 + Qs*2))

i Ps w? Qg

2kwy ((iwg+Cwy)?+Q2)

Bl = wa*2%Qs*Ps/k/ (-2%*ITxwg* ((E*xwn-I*xwg)™*2 + Qs*2))

i Ps w2 Qg

2kwg ((-1wg+Cwy)?+Q2)
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nE1= Cl = wp*2%Qs*Ps/k/ (m2%*T*Qg* ((-I*Qs - Exwy) "2 + wg”2))

i Pg w?

Out[31]=
2k (w§+ (—g’wn—st)Z)

nE2= D1 = wp*2%#Qs*Ps/k/ (2*%*IT*xQs* ((I%Qs - E*xwy) 2 + wg™2))

i Ps w?

out[32]= —

2k (W3+ (-Cwn+1Q)?)
In[33]:=

uft_] = AL*Exp[(S*w, + Ixwy) »t] +
Bl+*Exp[(8+*w, - Txwg) *t] + CL*Exp[-I*Qs*t] + D1 *Exp[I % Qg * t]
ie %% p,w? ielt% pyw?

out[33]= - +

2k (Wi+ (-Cwa-19)%) 2k (wi+ (~Cwy+1Q)?)

i et (Ftwarbon) p_ 2 i et (Fwarbuwn) p_ 2

2kwg ((~iwg+Cwn)?+Q2) 2kwg ((Lwg+Cwn)”+Q2)

in34:= ExpToTrig[%]

i (Cos[tQs] -1Sin[tQs]) Psw? i (Cos[tQs] +1Sin[tQs]) Ps w?
Out[34]= _
2%k (W3+ (-Cwn-1Q)?) 2k (W3 + (-Cwn+1Qs)?)

<]i (Cos[twg+i1tlwy] -1Sin[twg+1itlwy]) PswﬁQs)/(Z kK wq ((—jwd+§wn)2+§2§)) -
(i (Cos[twg-itCwy] +iSin[twg-1itLwy]) Pswﬁgs)/(z kwg ((1wg+Cwy)?+Q2))

in3si= FullSimplify[%]

1 elt9s e it9s
out[3s= — — 1 Py wﬁ - +
2k Wi+ (Cwn-19Q5)7 Wi+ (Cwn+1Qs)?
1 ) 1 ezitwd
_e—ltwd+t§wn Qs 4
wg (Wa+1Cwn)?-QF (fwg+Zwn)?+Q2

nEoi= (#m = 50; %)

6= (#€ = 0.1;%)

nE7i= (*wn, = Sqrt[k/m];*)

nEel= (*k = 10; %)

nEg= (*Pg = 10;%)

n40):= (*Wg= Wo*Sqrt[l - £*2] ;%)
n41:= (*Qg = 1;%)

n42):= (*C= 2%ExWn*m; %)
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n43:= ExpToTrig[u[t]] // Simplify

1 5 Cos[tQs] +18Sin[tQRs] Cos[tQRs] -1 Sin[t Qs]
outi43l= ——1 Pg wy | - + +
2k Wi+ (Cwn -1 Q)2 Wi+ (Cwn+1 Q)7
((Cos[t (wg+iCwsy)] -i8in[t (wa+1iCwn)]) )/ (wa ((-1wa+Cuwa)?+Q2)) -

((Cos[t (wa-iCwn)]+18in[t (wa-iCwn)]) )/ (wa ((Lwa+Cwa)®+03))

n#4= X = Ps/k/Sqrt[(1l - (Qs/wn) *2) "2 + (2% 8% Qs /wy) *2] ;
n4si= a = ArcTan[-c*Qs/ (k - m*»Qs*2)];
n4e= Bb = -X*Sin[-a] ;

n471= Ab = E*wo,*Bb/wg - Qs / wg*X *xCos[-a];
n4gl= u2[t_] = EXp[-L*w,*t] * (Ab*xSin[wg*t] + BbxCos[wg*t]) + X*Sin[Qs*xt-a];

n49= (*Plot[{u[t],u2[t]},{t,0,10}]%*)
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Problem 1 Part D

Defining ode
in36l= ClearAll["Global *"]

nE7= de = mxu''[t] + cxu'[t] + k*xu[t] = P., Cos[Q * t]

ou37)= kuft] +cu’'[t] +mu”[t] = Cos[t QReo] Peo

Taking the Laplace transform

niel= 1t = LaplaceTransform[de, t, s]

ou38= k LaplaceTransform[u[t], t, s] +c (s LaplaceTransform[u[t], t, s] -u[0]) +

s P
m (s® LaplaceTransform[u[t], t, s] -su -u’ -
(s Lapl form[u[t] ] [0] -u'[0])
s? + Q2

Applying initial conditions

niEg= Ul = 1t /. u[0] » O

ou39)= k LaplaceTransform[u[t], t, s] +c s LaplaceTransform[ul[t], t, s] +

P S Peo

m (s LaplaceTransform[u[t], t, s] —u’[0]> -

s? + Q2
co

n4o= U2 = Ul /. u'[0] » O

out40l= k LaplaceTransform[ul[t], t, s] +

s P
c s LaplaceTransform[u[t], t, s] +m s? LaplaceTransform[u[t], t, s] = 2—002
S+ Q5o

Solving for U(s)

n41:= U3 = Solve[U2, LaplaceTransform[u[t], t, s]] // Flatten

S Peo
Out[41]= {LaplaceTransform[u[t], t, s] - }

(k+cs+ms?) (s?+Q%,)

Inserting relations for m, £, w, and wy

n42= U4 = U3 /. Cc> 2% %W, *m

s Peo

Out[42]= {LaplaceTransform[u[t], t, s] » }
(k+msz+2ms§wn) (52+Q§O>
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n@43= U5 = U4 /. m-» k/w,*2

S Peo

Out[43]= {LaplaceTransform[u[t], t, s] - - }
k 2ksC
k+ i wns ) <s2+Q(2:O>
Expanding

n@44:= U6 = Apart[U5]

S Peo w2
Out[44]= {LaplaceTransform[u[t], t, s] > }

k (s2+2s§wn+w§) (s2+Q§o)

ni51= U7 = ApartSquareFree[U6, s]
Out[51]= {LaplaceTransform[u[t], t, s] -

co

(-5 Peo i ~2 EPoo W +5 Poo Wi @5,) / (k (s®+2sCwn+wl) (wh-2wi @2y +48% w2, +Q5)) +

4 2 02 3 02
S Poo Wy — 8 Peo Wy Q2 + 2 £ Peoo Wy QF, }

k (sz +ng) (a)fl—Zouf1 Q2o+ 482 w202, +ng)

Taking inverse Laplace transform

3= ul = InverseLaplaceTransform[U7, s, t] // FullSimplify

-t (gwn+ (-1+8%) w?

Out[53]= {u[t] 4 ) Pco Wn

W2 (-1+2%) N e [ (c1+8?) W +e (-1+82) Wk 9 -
etV e et g [(C1 ) 2 ng_[lﬂe“ <fl+§2>wi) (-1+82) wn (02 -0%) +

t (g’wn+ (-1+8%) w?

2e ‘) (-1+2%) wn (2E€8in[t Qo) Wn Qo + COS [t Qo] (wg-ng))]]/

(2% (-1+82) (wh+2 (-14282) w2, +Q! ))}

co

Using assumptions 0 < <1 and w, >0

ni5)= u2 = Refine[ul, £>0 && £<1 && w, > 0] // FullSimplify

_t(g’ﬂi\m) 15\/7 nt\@wng [1_¢2 WeilA1-0? @2

ity 1-82 wn p ll_gz Qio_ (1+e2it\17§2 wn] <—l+§2> (wﬁ_QgO) +
t(§+j\/17§2 w

Out[55]= {u [t] -

CO

2e T (-1+2%) (2Z8in[t Qo] Wn Qo + COS [ Qo] (wﬁ—Qio))]]/

(2k (-1+2%) (wh+2 (-1+227) wﬁQ§O+Q§O))}
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6= u3 = u2 /. Sqrt[l - £°2] *w, » wg // FullSimplify

[e‘t(g*”l{z]‘% iey1-¢8 wi-ietitepaf1-e® wle

1EA1-8% Q -1e®ttea1-2" QF - (1+e®1t%) (-1+8%) (wf-Q%) +
C+inf1-£2

out[56]= {u[t} - Peo WA

2et[ P (-1+2%) (2281t Quo) W Qo + COS[E o] (w,%QiO))JJ/

(2% (-1+2%) (wh+2 (-1+28%) wlnk +0i))}
ni59= ud = ExpToTrig[u3] // FullSimplify

-t (§+]i N 1-¢° ] Wy b 5

out[59]= {u[t} - |e co Wy

et /1-2% sin[twg] w?+ett@ g/1-2% Sin[twy] Q% -
C+i 1-22 )wn

N |

<1+621twd> (_1+§2)

t

(w2 -02%) +e (-1+2%) (2Z5in[t Qeol Wy Qoo + COS [t Qo] (wﬁggo))]]/
(k (-1+2%) (wi+2 (-1+227) wﬁQ§O+Q§O))}
neo= uS = uéd /. Sqrt[l - £°2] *w, » wg

e

out[60]= {u[t} - |e co Wy

et f1-2% sin[twg] w?+ett¥ g/1-2% Sin[twy] Q% -
C+inf1-£2 ]wn

N |

(1+621twd> (71+§2)

t

(wh-0%) +e

—1+8%) (228in[t Qo] Wn Qo + COS [t Qeo] (w2 - Q2
<

(K (-1+8%) (wh+2 (-1+2¢%) Wi +0k))}
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n61:= Apart[u5]

-t (gﬂ'm/l-gz W,
e Peo Wi Cos [t Qco] Peo Wi
out[s1]= {u[t} - - + +
2k (Wh-2w2 Q% +4C%WE Q2 + Q%) k (wh-2wE Q% +4 8% w2, + Q%)
itwg-t (5’+1\/le2 Wn 5 \ 4
e €A/1-C% Sin[twg] Peo Wy 2CSin[t Quo] Peo w2 Qco
+ +
k (-1+8%) (wh-2w2 Q2 +48% w22, +02) k (wh -2 w2 Q% +4 8% w3 @2, + Q%)

-t [§+i \1-¢? ] Wy
e

Peo w2 Q2 Cos [t Qco] Peo w2 Q2
+
2k (wh -2 w2 Q% +4 L% WE Q% + Q%) k (wh -2 wh Q2, + 4 8% wi Q2. + Q%)

co

itwg-t (§+J'l N 1-22 | wa . 21 twg-t (§+Ji V1-22 | w,
e CAJ1-C% Sin[twg] Peo w2 Q2. e Peo Wi (w3 - Q2,) }
k(—1+§2) (w§—2w§Q§O+4§2wﬁQ§O+Q§O> 2k(w§—2w§Q§O+4§2wﬁQ§O+Q§O>
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Deriving equation for response of undamped sdof
system to sinusoidal loading

EOM

de = m*»u''[t] + kxu[t] == A*xSin[Q* t]
kult] +mu”[t] == ASin[t Q]

Solution

solution = DSolve[{de, u[0] == 0, u'[0] == 0}, u[t], t] // Flatten // FullSimplify

Vi asin[ L]
A|l-— Y 48in[tQ)
Vi
t
{U[ = k - m Q2 }
Simplifying

sol2 = solution/.m-» k/w,*2 // FullSimplify

Aw, (-QSin[twy] +Sin[t Q] wy)
{u[t} - }
k (-9 + wE)

Integrating to find b,

Inputting terms to integrate
£l := 4%Py/To*t;
£2 := (-4%Py/Toxt + 2%Py);
£3 1= 4%Py/Toxt - 4% Py;

sTerm := Sin[2*n*Pixt/To];
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Integrating

b = Integrate[ f1 *sTerm, {t, 0, To/4}] + Integrate[f2 »sTerm, {t, To/ 4, 3*xTo/4}] +
Integrate[£f3 x sTerm, {t, 3xTy/4, To}] // FullSimplify

3n

(2 Sin[‘;—”] -2sin[2%] +Sin[2nn]) By To

n? 2

(2sin[2X] -2Sin[3’2"‘] +Sin[2nn]) By To

) = /

) n‘

=]

4 Catalan Py Ty

7T2
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Problem 4

First interval

(*m = 2;%)

(*k = 32;%)

(*Ty = 2;%)

(*T1= To/4;%)
(*Pg=64; %)

(*#wp= Sqgrt[k/m];*)

ul = Integrate[Py/ (m*w,*T;) *T*Sin[w, * (t - t)], {t, 0, t}] // FullSimplify

Py (-Sin[tw,] +t wy)

m Ty (J)El

(*Plot[ul, {t,0,T;}]%)

Second interval

u2 = Integrate[Py/ (m*w,*T;) *T*Sin[w, * (t - )], {t, 0, T1}] + Integratel[
1/ (m*w,) * (-Pg/T1*T + 2%Pgy) *Sin[w, * (t - )], {t, T1, t}] // FullSimplify

Po (Sin[twn] -2Sin[(t-T1) wn] + (£ -2 T1) wy)

mT; wl

(#Plot[Piecewise[{{ul,t<T;},{u2,t>T1}}],{t,0,3%T1}]*)

Third interval

Integrate[Py/ (m*w, * T1) * T*Sin[w,* (t - )], {t, 0, T1}] +
Integrate[l/ (m*w,) * (-Pg/T1 *T + 2% Pg) *Sinfw, * (£t - t)], {t, T1, 3*T1}] +
Integrate[l/ (m*w,) * (Po/T1*T - 4% Py) *Sin[w, *» (t - t)],
{t, 3*Ty, t}] // FullSimplify
Po (Sin{twy] +2Sin[(t-3T1) wa] -23in[(t-T1) wn] - (£t -4 T1) wy)

m Ty (L)g
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Problem 7

Inputs

n219:= ClearAll["Global %"]

n220p= m = 40.;

n
[
o
~

n221):= L
n221= k = 10000. ;
ne23i= ky; = 2 *xk;
in2241:= kp = k;

n225= a = L/ 2;

In[226]:= b

n
V]

ne27i= Ig = 1/12%*m»L*2;

Stiffness and Mass matrices

n2zgl= M = {{m, L¥xm/2}, {Lxm/2, L*"2%m/3}}
outi22g)= {{40., 200.}, {200., 1333.33}}

ne2op= K= {{ky +kz, L*xky}, {L*xky, L*2xky}}

K
outzze- {{30000., 100000.}, {100000., 1.x10°}}

Finding eigenvectors and eigenvalues

n230i= A = Eigenvalues|[Inverse[M] .K]

out230)= {2366.03, 633.975}

n231= @ = Eigenvectors|[Inverse[M] .K]

out231)= {{0.985329, -0.170664}, {0.985329, 0.170664}}
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Separating Eigenvalues and Eigenvectors

ni23zl= A3 = A[[2]]
out[232]= 633.975

n233i= Ap = A[[1]]
out233]= 2366.03

n234l= ¢ = 8[[2, All]]
out234]= {0.985329, 0.170664}

n23s= ¢ = 8[[1, ALLl]]
out235)= {0.985329, -0.170664}

n[236:= Fy = {x*0, x}

out23e)= {1, x}

n237:= Yr; = Fy .1
ou237= 0.985329 +0.170664 x

in244}= Plot [y, {x, 0, .25 %L}, PlotStyle » Thickness[.005]]

Out[244]=

n239= Yo = Fy . P
out[239)= 0.985329 -0.170664 x
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in2451= Plot[¥2, {%x, 0, L}, PlotStyle -» Thickness[.005]]

1.0

0.5

Out[245]=

Solving for node

n241:= Xposition = Solvel[y, == 0, x] // Flatten
out41]= {x - 5.7735}
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